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Abstract. The assumption of the spherical shape of the bulge is the 

theoretical basis of the bulge test with circular die. In this paper the 

deviation of the meridian profile from the corresponding circle shape 

is investigated using the Least Square Circle Fitting of the experi-

mental data. The residuals were determined for different bulge height. 

The effect of two procedural parameters in the ARAMIS software (the 

radius defining the circular area for the calculation of bulge radius, 

and the radius for the calculation of average thickness, respectively) 

on the amount of bulge radius as well as on the flow stress curve has 

been investigated. Finally a procedure for the determination the ratio 

between the two procedural parameters is presented. 
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1. INTRODUCTION 
The hydraulic bulge test is one of the most used meth-

ods for the determination of stress-strain curve in biaxial 

stress state conditions. One of the advantages of the hy-

draulic bulge test is the absence of contact between the 

specimen surface and the tools (and therefore the absence 

of friction) in the area of interest, leading to a simplifica-

tion of the analytical solutions for the calculation of biaxi-

al stress and biaxial strain. 

One of the main assumptions is that the shape of the 

bulge is spherical, and therefore the bulge radius is the 

same in any meridian section. The bulge shape has been 

investigated by other authors with many years ago such as 

Ranta-Eskola [1], who examined the effect of the geome-

try of the bulge and the measuring procedure on biaxial 

stress-strain curves. Atkinson [2] and Banabic [3] extend-

ed an earlier solution for polar strain to derive the effec-

tive radius of curvature near the pole and generates an 

accurate explicit expression for the calculation of mem-

brane stress at the pole. The authors of some recently 

published papers  [4], [5], [6], [7] deal with the develop-

ment of procedures for the validation of the biaxial stress-

strain curves from the bulge test. Lemoine [8] investigated 

the limitations of membrane theory in the hydraulic bulge 

test. 

In this paper the deviations of the bulge profile from 

the assumed circular shape is investigated by Least 

Square Circle Fitting of the experimental data at different 

bulge heights. The effect of two procedural parameters on 

the bulge radius as well as on the flow stress curve is 

determined. 

2. EXPERIMENTS 

2.1. Experimental setup 

Figure 1 shows a general view on the experimental set-

up used to perform the hydraulic bulge tests. This consists 

in three units: 1) a hydraulic device for pressure develop-

ment; 2) a bulging device containing the die; 3) - a 3D 

optical measurement system ARAMIS. 

An insert die with an aperture diameter of 80 mm and 

a fillet radius of 5 mm was used to perform the bulge 

experiments. A DC04 steel sheet having the nominal 

thickness of 0.85 was chosen for the experiments. 

 
Figure 1. Experimental setup for hydraulic bulge test. 

2.2. Determination of biaxial stress-biaxial strain 

curve 

By assuming the material isotropy and the spherical 

shape of the bulged specimen, the biaxial stress can be 

calculated using the Laplace's equation 
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where p is the internal pressure;  is the bulge radius and 

t is the average current thickness near the pole. 

The biaxial stress given by Eq. (1) can be calculated on 

the basis of the three variables: the internal pressure is 

continuously recorded during the experiment using a 

pressure gauge; the bulge radius and the average thick-

ness are determined using the ARAMIS system on the 

basis of photogrammetry. 

By assuming that the material is incompressible, the 

biaxial strain (
b
 ) can be calculated using the equation 
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where 
0

t  is the original sheet thickness. 

During the procedure for the determination the flow 

stress curve using the ARAMIS software it is necessary to 

choice the two radii related to the bulge surface. First is 

the radius R1 defining the circular area for the best sphere 

fitting of the specimen shape and for bulge radius calcula-

tion (Fig. 2). The second radius R2 is introduced to define 

the circular area for the average thickness calculation. 
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Figure 2. The bulge shape and the two procedural param-

eters (R1) and (R2). 

 

In the literature there is not a clear specification for the 

choice of the two radii. Lemoine [8] suggests that the 

radius R1 should be sufficiently large, while the radius R2 

may be fairly small. 

3. RESULTS 

3.1. Evaluation of meridian profile of specimen 

The bulge geometries were determined using the AR-

AMIS system, and then the bulge shape was sectioned 

using a meridian plane containing the bulge axe of sym-

metry and the meridian profile was obtained. In order to 

evaluate the shape of bulge profile, the Least Squares 

Circle Fit was used and the best circle by minimizing the 

residuals through the least square approximation was 

determined. Two statistical parameters are used in order 

to asses the difference between the experimental profile 

and the best circle fit. These are the residual (e), defining 

the difference between experimental data (y) and calculat-

ed value (y') 

'e y y  , (3) 

and the standard error of estimate (SEE), showing the 

square root of the residuals variance 

 
2

'

2

i i
y y

SEE
q







 (4) 

where q is the number of experimental data. 

Figure 3 shows the difference between experimental 

points of meridian profile of specimen and the points of 

fitted circle (residuals) for bulge height of 10, 25, 30 and 

32 mm, respectively. While at dome height up to 25 mm 

the residuals are very close to zero, they are larger at 

dome height over 25 mm. The residuals are approximate-

ly symmetrical distributed around the bulge axis (x  0). 

At the bulge height over 25 mm, the residuals are positive 

near the dome apex (x   10 mm), and near the edge of 

specimen (x   26 mm), and negative otherwise. From 

Figure 3 one may also notice that the residuals are higher 

near the edges of the specimen (x   30 mm), but the 

maximum value is under 0.4 mm. 

Figure 4 shows variations in SEE with radius for circle 

fit of specimen profile (R1) and bulge height. As shown in 

Figure 4, the effect of radius R1 on the SEE becomes 

significant only at large values of bulge height. As one 

may notice, in this case, the SEE increases when the radi-

us R1 increases. 
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Figure 3. Residuals showing the difference between 

experimental meridian profile of specimen and the fitted 

circle 
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Figure 4. Effect of radius (R1) on SEE. 

 

Figure 5 shows the effect of bulge height on SEE for 

radius (R1) of 10, 20, 25 and 30 mm, respectively. From 

Figure 1, it is evident that for R1 = 10 mm the SEE re-

main close to zero up the end of bulge experiment. At 

radii (R1) over 20 mm, the SEE remain close to zero only 

up to the bulge height of about 23 mm. After this value of 

bulge height, the SEE increases as the bulge height in-

creases. This increase  
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Figure 5. Relationship between the SEE and bulge height. 

 

The residuals from Figure 3 and SSE seen in Figures 

4 and 5 indicate that the meridian profile o specimen 

deviates from its original circle shape only when bulge 

height is larger than 25 mm. 

 

3.2. Bulge radius deviation 

The bulge radius was calculated using ARAMIS soft-

ware for samples heaving the bulge height of 20, 25, 30 

and 32 mm, respectively and for radius R1 of 10, 20, 25 

and 30 mm, respectively. Figure 6 shows the variations in 

bulge radius with h and R1. It is seen that the bulge radius 

is very sensitive to the change in R1, especially when the 

bulge height is larger than 25 mm. For a bulge height of 

32 mm, as the radius R1 increase from 10 to 30 mm, the 

bulge radius increases from 34.94 to 40.36 mm. There-

fore, the bulge radius was increased with 5.41 mm, by an 

increase in the radius R1 from 10 to 30 mm. 

 
Figure 6. Relationship between the bulge radius and 

bulge height for different radii (R1). 

 

3.3. Effect of R1 and R2 radii on stress-strain curve 

Figure 7 shows the influence of the radius R1 on the 

biaxial stress - biaxial strain curve shape. These curves 

were obtained from experiments, while the radius R2 was 

kept constant at 5 mm. As shown in Figure 5, when the 

radius (R1) increases from 10 to 30 mm, the biaxial stress 

increases, and the b-b curves, tend to move upwards (in 

direction of the arrow) to higher values of biaxial stress. 

The increase of biaxial stress with the increase in radius 

R1 may be explained by the reason that the bulge radius 

also increases as the radius R1 increases, as discussed 

earlier. 

Figure 8 shows the influence of the radius R2 on the 

biaxial stress - biaxial strain curve shape. In this case the 

radius R1 was kept constant at 30 mm. From Figure 6 it is 

evident that as the radius R2 increases from 10 to 30 mm, 

the biaxial stress decreases, and b-b curves tend to move 

down (in direction of the arrow) to lower values of biaxial 

stress. The decrease in biaxial stress with the increase in 

radius R2 may be explained by the reason that the average 

dome thickness increases as the radius R2 increases. 

In order to evaluate the effect of R1 and R2 radii on the 

flow stress curve, a reference curve was introduced (Figs. 

5 and 6). As shown in Figures 7 and 8, up to a biaxial 

strain of 0.3, all experimental curves are almost superim-

posed. The experimental stress-strain curves (up to a 

biaxial strain of 0.3) were fitted using the equations by 

Ghosh (G), Eq. (5), Hockett-Sherby (HS), Eq. (6), and a 

linear combination by Ghosh-Hockett-Sherby (GHS), Eq. 

(7), respectively. 
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Figure 7. Effect of the radius R1 on the biaxial stress - 

biaxial strain curve shape (R2=5mm). 

 

Biaxial strain, 
b (-)

0.0 0.2 0.4 0.6 0.8 1.0

B
ia

x
ia

l 
st

re
ss

, 


b
 (

M
P

a)

0

200

400

600

800

R
2 = 10 mm 

R
2 = 15 mm

R
2 = 20 mm

R
2 = 25 mm

R
2 = 30 mm 

Reference curve

 
Figure 8. Effect of the radius R2 on the biaxial stress - 

biaxial strain curve shape (R1=30mm). 

 

The Ghosh equation is given by 
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and the Hockett-Sherby equation is 

( ) ( )exp( )n

y p
HS A A B m      . (6) 

The combination between Ghosh and Hockett-Sherby 

equation is 

( ) ( ) (1 ) ( )
y y y

GHS k G k HS       . (7) 

In Eqs. (1)-(3), 
0
  is initial plastic strain; n - hardening 

exponent, A, B, C, k and m -material constants. 

In order to determine which of the three equations may 

sufficiently precise describe the experimental data, the 

statistical R-squared coefficient was used. The closer the 

value of R-squared to unity, the better the hardening law 

fit the experimental data. The result of fitting process is 

shown in Figure 9. The best fitting of experimental data 

was obtained using the equation by GHS, in which case 

the R-squared is 0.9994. 

The curve given by GHS equation was plotted over the 

experimental curves in Figures 7 and 8. This curve called 

"reference curve" is used to asses the effect of R1 an R2 

radii on the b-b curves. From Figure 7 it is seen that the 

experimental curve obtained for R1=15 mm and R2= 5 

mm (R1/R2=3), is in best agreement with the reference 

curve. In the same time, in Figure 8, the flow stress curve 

determined at R1=30 mm and R2= 15 mm (R1/R2=2), 

show the best agreement wit the reference curve. There-

fore, in order to avoid the excessive shift up or down of 

flow stress curve, the ratio between R1 an R2 should be 

chosen between 2 and 3. 
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Figure 9. The fitted experimental data by using different 

hardening laws. 

4. CONCLUSIONS 
In this paper, the deviation of the specimen profile 

from its circular original profile has been investigated by 

Least Square Circle fitting of the experimental data at 

different bulge height. The effect of the procedural pa-

rameters (R1) and (R2) on the flow stress curve has been 

revealed using the ARAMIS software. Based on the ob-

tained results, the following conclusions can be drawn: 

1. The experimental meridian profile of specimen devi-

ates from the assumed circle shape only when the 

bulge height is larger than 25 mm. The larger residu-

als were observed near the edges of the specimen, but 

the maximum value is under 0.4 mm. 

2. The bulge radius increases when the radius (R1) in-

creases. At a bulge height of 32 mm, when the radius 

R1 increases from 10 to 30 mm, the bulge radius in-

creases with 5mm. This implicitly leads to the increas-

ing in biaxial stress. 

3. The biaxial stress increases when the radius (R1) in-

creases, and decreases when the radius (R2) increases. 

3. The experimental biaxial stress-biaxial strain curve is 

very close to the reference curve when the R1/R2 ratio 

is between 2 and 3. 
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