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and the strength-differential effect, when the yield condition is pressure insensitive and
dependent on the third invariant of the stress. The orthotropy directions are characterized
by Euler angles within the constitutive framework with small elastic strains, large elastic
rotations and large plastic distortions. The presence of the plastic spin makes possible
the description of the orientational anisotropy. We make herein an attempt to develop a
Plastic spins hardening model, which includes the kinematic hardening given by Armstrong and Freder-
Non-quadratic initial yield surface ick (1966) law adapted to orthotropic material and isotropic hardening, and complies with
Strength-differential effect the experimentally observed plastic yield and flow behaviour reported by Verma et al.
Orientational anisotropy (2011) in tension—-compression-tension and compression-tension-compression. By push-
ing away to the actual configuration the material response, the rate form of the model with
the objective derivatives expressed via the elastic rotations is characterized by a differen-
tial system for the following unknowns: the Cauchy stress, plastic part of deformation, ten-
sorial and scalar hardening variables and Euler angles. We present the rate elasto-plastic
model with a plastic spin in the case of an in-plane rotation of the orthotropy direction,
and a plane stress, respectively. In the plane stress, the equation for the rate of the strain
in the normal direction is first derived and subsequently the modified expression for the
plastic multiplier associated with an in-plane rate of the deformation becomes available.
Numerical simulations for the homogeneous deformation process on the sheets and com-
parisons with experimental data make possible a selection among the plastic spins intro-
duced in this paper, aiming at obtaining a good agreement with the experiments
performed for an in-plane stress state by Kim and Yin (1997). When the shear deformation
of the plate is numerically simulated, the stabilization of the orientational anisotropy
occurs in the presence of the plastic spin, in contrast with the unreasonable behaviour pro-
duced in the absence of the plastic spin.
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1. Introduction

In this paper the plastic spin and non-quadratic orthotropic yield function, insensitive to the pressure and dependent on
the third invariant of the stress, are combined to describe the elasto-plastic hardening material with strength-differential
effect. The effect of the so-called strength differential effect of some metals has been experimentally observed by Hosford
(1993) and Verma et al. (2011) with the compressive strengths lower than the tensile strengths and reported by Kuroda
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(2003), Nixon et al. (2010), Kuwabara (2007) with the flow stress in uniaxial compression larger than that in uniaxial tension.
This is the rationale that led Cazacu and Barlat (2004) to extend the Drucker isotropic criterion dependent on the third
invariant of the stress to orthotropic materials with strength differential effect, see also Cazacu et al. (2006) and Cazacu
et al. (2010). Kuwabara (2007) considers that the accurate knowledge of the strength differential effect and the Baushinger
effect in sheet metals are the crucial in predictive calculations for metal forming processes. Kuwabara (2007) reviewed
experimental data and techniques for measuring the anisotropic plastic behaviour of metal sheets and tubes under a variety
of loadings. Experimental difficulties in the conventional tension-compression experiments are related with the buckling of
thin sheet metals. To overcome these difficulties, special devices for preventing buckling where attached to the specimens
and the adhesively laminated specimens were prepared with pieces of sheets cut from uniaxially pre-strained sheets, see
Yoshida (2000) and Kuwabara (2007). We mention that papers by Yoshida (2000) and Yoshida et al. (2002) address the con-
stitutive model of cyclic plasticity for materials which exhibit a sharp point and subsequent abrupt yield drop followed by
the yield plateau. When the flow stress in tension is not identical to that in compression, an asymmetric yield surface occurs.
Thus these criteria (Hill, 1948; Barlat et al., 2003) are symmetric, so can not predict the yield stress difference in tension and
compression. However, Hill (1948) yield criterion under plane stress state which involves additional linear terms is used by
Verma et al. (2011) to derive an asymmetric yield function.

The rationale for using non-quadratic yield functions, which are insensitive to the pressure, has been imposed by their flex-
ibility in the fitting of the initial yield shape and experimental data and by the necessity to perform a better description of the
material behaviour taking into account the r-value data, as well as the yield stress data, see Cazacu and Barlat (2004), Barlat
et al. (2005) and Soare et al. (2008), or to capture possible different yield stresses in tensile and compressive tests, see Cazacu
and Barlat (2004) and Verma et al. (2011).

Non-quadratic polynomial yield functions are introduced in conjunction with their convexity by Soare and Barlat (2010)
(generalizing the linear transformation) and Soare et al. (2008) in stress component representations. One method used in the
plasticity of metals to describe the initial yield criterion is based on linear transformations, see for instance (Barlat et al.,
2003, 2005); Kim et al., 2007, and the comments made in Soare and Barlat (2010). One or two linear transformations, say
L' and L, are used to capture the material anisotropy, which generally means the presence of eighteen material constants.
We also mention that the yield function has been represented as being dependent on the components of the stress with re-
spect to orthotropic directions, i.e., rolling, transversal and normal directions, which are kept constant during the deforma-
tion process, as for instance in Barlat and Lian (1989) and Banabic et al. (2003, 2005).

The non-quadratic yield function introduced by Barlat et al. (2003) is used in the generalized finite element formulation
for a mixed hardening elasto-plastic material with a non-linear non-associated flow rule performed by Taherizadeh et al.
(2011, 2010) in the small deformation framework. In Korkolis and Kyriakides (2008), the non-quadratic Hosford (1979, ’s)
and Karafillis and Boyce (1993) yield functions are used in order to compare the numerical simulations and hydroforming
experiments on aluminum tubes. The non-quadratic yield criterion based on spectral decomposition of the symmetric fourth
rank elastic tensor (like the elasticity tensor) on the basis of the eigenvectors, represented through second order tensors,
namely based on Kelvin modes, is proposed by Desmorat and Marull (2011). This criterion is adapted to describe the ten-
sion-compression yielding asymmetry, however an incomplete elasto-plastic model is presented therein.

The hardening behaviour of metals was observed in the experimental data reported by Phillips and Liu (1972), Ikegami
(1979), Kim and Yin (1997), Khan and Jackson (1999), Hahm and Kim (2008), etc. A constitutive viscoplastic model of cyclic
plasticity proposed by Yoshida (2000) and Yoshida et al. (2002) is able to describe the complex behaviour exhibited by cer-
tain steel sheets during the reverse loading. These authors experimentally emphasized the transient Baushinger strain and
the permanent softening, where the reverse work hardening rate is lower than that during a forward deformation described
by some kinematic and hardening rules. The tensorial hardening variable, i.e., the so-called back stress, is described by an
evolution equation of the type proposed by Chaboche and Rosselier (1983) and Chaboche (2008). In order to improve the
numerical prediction of the model when comparison with experimental data is performed, the Armstrong and Frederick
(1966) hardening rule with two material constants is used by Taherizadeh et al. (2011, 2010). In Chung et al. (2005), the
combined isotropic-kinematic hardening rule (formulated on the modified equivalent plastic work principle during a unidi-
mensional process) is applied to the non-quadratic anisotropic yield function proposed by Barlat et al. (2003) in the plane
stress state. In order to account for the Baushinger effect, the transient behaviour and permanent softening an improvement
of the combined isotropic-kinematic hardening model proposed by Chung et al. (2005), has been elaborated in Verma et al.
(2011). The two function parameters, which characterize the hardening law and are actually the slopes of the back stress
evolutions, have been determined from the experimental hardening curves in uniaxial tension-compression tests. The
Chung and Park (accepted for publication) consistency condition of “the combined type isotropic-hardening law of aniso-
tropic yield functions with the full isotropic hardening law under the monotonously proportional loading” becomes useful
to simplify the description of physical phenomena with theoretical arguments, similar to those related to the uniaxial pro-
cess in the direct and reversal directions, and find the material function parameters.

In the present paper we do not make speculations having in mind the evolution equation for hardening variables and the
yield function representation only, but we analyze the material response under uniaxial tensile test, i.e., under a proportional
deformation process, based on the solution of the differential system which describes the model.

Plastic anisotropy is produced by the texture and lattice classes which characterize the metal microstructure and implies
the distorsion of the yield surface shape and its evolution and the Baushinger effect, which is produced by a residual stress
distribution, i.e., the so-called back stress, see Boehler, 1983. Various approaches to describe the anisotropy can be found in
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the literature. One method is based on the assumption concerning the existence of a symmetry group which renders consti-
tutive function invariants, i.e., expressed in terms of an appropriate list of structural tensorial or scalar invariants, see for
instance in Boehler (1983), Dafalias (1985), Cleja-Tigoiu and Sods (1989), Cleja-Tigoiu and Sods (1990), Cleja-Tigoiu
(2000a,b) and Miehe (2002).

In this paper the group of orthotropy is assumed to be g4 characterized by Liu (1982) and Ting (1996) as follows

g ={Qe€O0rtlQn;=n; or Qn,=-n;, =123} <

g5 = {QeortQmon) —mon, i=12), M

where {n;,nz,n3} denotes the orthotropy directions, while Ort denotes the set of all orthogonal transformations.

Another method already mentioned is based on linear transformations which involve the orthotropy, although no direct
reference to the symmetry group (1) has been made. The linear fourth-order tensors which characterize these linear trans-
formations ought to be invariant with respect to the orthotropy group, see also Cazacu et al. (2010), i.e,
L'(QeQ") = QL (6)Q’ for all Q € g5 and for all symmetric second order tensors . The representation of such fourth-order
tensors is provided (with the symmetry of the pairs of indices) in our notations in Appendix (A4) and it depends on nine
material parameters, see also the comments and representation in Cazacu et al. (2010). The components of the linear trans-
formations, see for instance (Banabic et al., 2003; Barlat et al., 2005), are determined by taking into account the r-value data,
as well as the yield stress data and using the Newton-Raphson iteration method. In order to increase the number of aniso-
tropic coefficients, the n linear orthotropic like transformations have been considered, see (Barlat et al., 2005; Barlat et al.,
2007). Let us remark that the representation of the operator L' given by (15) from Barlat et al., 2005 and B given by (6) from
Kim et al. (2007) do not have the property of transforming a deviator into a deviator, but the representation (17) from Barlat
et al., 2005 has this property, as well as the appropriate linear transformation derived in Cazacu et al. (2010). Lode’s type
formulae can be seen for instance in Kachanov (1974) and hold for deviator tensors only, are frequently used in the afore
mentioned paper, and thus the tensorial fields have to be deviatoric. In (Barlat et al., 2005, 2007) the yield functions have
been written as functions of the n-set of the principal values associated with the transformed stress tensor via appropriate
transformations. Note that such kind of representations for orthotropic functions is more restrictive than those representa-
tions in terms of the scalar and tensorial invariants that follow as a consequence of the theorems proved by Liu (1982), Wang
(1970), Boehler (1983). We remark that the proper vectors of the transformed tensors via the linear transformations are not
the same and this fact raises a question related to the physical meaning of the algebraic operation with their proper values. In
the above mentioned papers devoted to the yield criteria no references are generally made relative to the evolution law for
plastic strain. We mention that in Barlat et al. (2005) and in Kim et al. (2007), when the plastic flow rule is associated with
the appropriate yield surfaces in terms of the linear transformations, certain singularities arise (when the derivative are ta-
ken) for the stress or strain state that can not be a priori excluded.

¢ In this paper, we adopt the constitutive framework based on the multiplicative decomposition of the deformation gradi-
ent, F, into its elastic, E, and plastic, P, components called distortions, respectively

F = EP, 2)

within the constitutive framework of elasto-plastic materials with relaxed configurations and internal state variables, which
has been proposed by Cleja-Tigoiu, 1990 and Cleja-Tigoiu and Sods, 1990. In this paper, the elastic distortion E describes the
local mapping from the isoclinic configuration to the deformed configuration. The plastic distortion P characterizes the local
deformation from the reference configuration to the isoclinic configuration. In order to define correctly, on a physical basis,
the elastic and plastic distortions we use the so-called isoclinic configuration introduced by Teodosiu (1970), Mandel (1972),
Kratochvill (1971). The indetermination in choosing the local relaxed configuration, which is attached to the crystalline lat-
tice, has been eliminated by assuming that, in these isoclinic configurations, the corresponding crystalline directions are par-
allel to each other.

o The fact that the plastic distortion leaves the crystalline structure unchanged leads to the physically motivated assump-
tion that the material response is invariant with respect to the geometrical transformations which preserve the crystalline
lattice symmetry. As we fixed a reference configuration, the criterion for choosing the local relaxed configuration, namely
defining the isoclinic configuration, determines uniquely the set of such configurations, apart from the orthogonal maps
contained in the material symmetry group. As a consequence of the material symmetry concept proposed by Cleja-Tigoiu
and So6s (1989), Cleja-Tigoiu and Sods (1990), all constitutive and evolution functions written with respect to the isoclin-
ic configuration have to be invariant with respect to the material symmetry group, see the Theorem 1, below. In the case
considered here, the symmetry group characterizes the orthotropy and this is assumed to be gg.

e The multiplicative decomposition of the deformation gradient has been introduced, for instance, by Kréner (1960), Lee
(1969), Teodosiu (1970), Rice (1971), and so on.

¢ Following Mandel (1972), we assume that the elastic strains are small, while the elastic rotations are large, i.e.,

E=RU°=VR*, U’~I+¢, &1 (3)

The elastic rotations, R®, characterizes the passage from the isoclinic configurations to the deformed configurations and these
rotations are described in terms of Euler’s angles denoted by ¢, y, 6, see Cleja-Tigoiu and lancu (2011).
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o The kinematical consequences of the above hypothesis follow from the relationship between the velocity gradient, L, and
the elastic distortion-rate tensor, L°, and plastic distorsion-rate tensor L, as a direct result of the multiplicative decom-
position (2), namely

L=FF'=L*+E’E"', L*=EE' LI’=PP . (4)
If one takes the symmetric and skew-symmetric parts of (4), then the following formulae yield

D =R&(R)" + RD’(R)', (5)
W =R°(R%)" + R°WP(R%)",
where D,R°¢¢(R®)" and DP denote the symmetric parts, and W,R¢(R°)" and WP stand for the skew-symmetric parts of the
tensors L, L® and LP, respectively. For general problems related to finite elasto-plastic materials subject to large deformations,
we refer the reader to the books by Mandel (1972), Lubliner (1990), Besseling and Van (1993) and Khan and Huang (1995).
The papers by Dafalias (1985), Dafalias (1993), Dafalias and Rashid (1989), Van der Giessen (1991) and Kuroda (1995) focus
on the concepts of plastic spin and its constitutive description for large strain elasto-plasticity. The notion of plastic spin is
also considered in Badreddine et al. (2010) in the finite elasto-plastic model with a non-quadratic yield function and non-
associated flow rule which is adapted to mixed hardening in the context of the ductile damage. The notion of plastic spin
is also considered in Badreddine et al. (2010) in the finite elasto-plastic model with a non-quadratic yield function and
non-associated flow rule which is adapted to mixed hardening in the context of the ductile damage.
Han et al. (2002) mention: “although the reorientation of anisotropic directions seems apparently for steel sheet metals, a
proper computational treatments for practical applications particularly in sheet forming processes are quite rare.” Han et al.
(2002) consider the Lee type multiplicative decomposition of the deformation gradient, see Lee (1983) and the comments
made by Cleja-Tigoiu (1990),

F = V°R.U?, (6)

with R, = R°R” derived as a composition of the previously introduced elastic and plastic rotations. Thus in the case of small
elastic strains one obtains F=RU =R,U?, i.e, R=R,,U=U". The directional axes of the yield rotate according to
RR™!' = W — o with the expression for the plastic spin in the actual configuration taken from Kuroda, 1997. The model
of associative plasticity is described in terms of Mandel’s stress tensor, which is assumed to be symmetric. The symmetry
of the Mandel stress tensor does not generally hold. For the discussion concerning the dissipative restrictions in finite aniso-
tropic elasto-plasticity we make reference to Lubliner (1990), Cleja-Tigoiu (2003).

e The presence of the plastic spin, W”, in these models makes possible the description of the orientational anisotropy,
namely the change in time of the orthotropy direction, see Kim and Yin (1997) and Dafalias (2000). In the model proposed
herein, the orthotropy directions are changing during the elasto-plastic process and they are characterized by Euler’s
angles. We adapt the representation of the plastic spins proposed by Cleja-Tigoiu (2000a), Cleja-Tigoiu (2007) also used
in the paper by Cleja-Tigoiu and lancu (2011), to the model dependent on the third invariant of the stress.

The associated flow rule describes the plastic stretching in terms of the constitutive function NP, while the plastic spin

characterizes the skew-symmetric part of the plastic distorsion-rate tensor in terms of © and with respect to the actual

configuration. We make herein an attempt to develop a hardening model, which includes the kinematic hardening with

Armstrong and Frederick (1966) law adapted to orthotropic materials, and isotropic hardening, and complies with the

experimentally observed plastic yield and flow behaviour in cyclic loading reported by Verma et al. (2011), and orienta-

tional anisotropy emphasized by Kim and Yin (1997) and Hahm and Kim (2008). In Cleja-Tigoiu (2007) and Cleja-Tigoiu
and lancu (2011), a quadratic yield function and kinematic hardening were considered only.

By pushing away to the actual configuration the material response, the constitutive and evolution functions become func-

tions dependent on the Cauchy stress, tensorial hardening variable and orientational axes of orthotropy. The change in

time of the orthotropic axes, n;, is characterized by the elastic rotation, R®, namely m; = R°n;, with the elastic spin,
w® =R°(R°)", expressed as a consequence of the kinematic relationships by w¢ = W — R*({P(P) '}*)(R°)”. The motion
of the orthotropy axes is described in terms of Euler’s angles, v, 0 and ¢, which characterize the elastic rotation. We avoid
herein the discussion concerning the presence of a certain plastic spin related to the substructure and which is different

from the kinematic plastic spin, see the point of view of Dafalias (1985), Ulz (2011) and Han et al. (2002).

e Once the complete set of rate type evolution equations has been defined in such a way to achieve the compatibility with
the experimental data, the rate type boundary value problem can be solved using a variational inequality, together with
the update procedure provided by Cleja-Tigoiu and Matei (2012).

o Note that the representation theorems for anisotropic invariants provided by Liu (1982) and those corresponding to iso-
tropic invariants given by Wang (1970) are applied everywhere in the present paper. We recall here a basic result.

Theorem 1.

1. A function f is invariant with respect to the group gg in the isoclinic configuration, i.e., that f is an orthotropic function, if and only
if there exists a function, say f, which is isotropic with respect to the set of all variables mentioned below and given such that
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fB)=f(B,n; ®ny,m @ my), (7)

holds for any B in the definition domain of function f and the tensorial orientational variables from the definition of the symmetry
group.
2. For any elastic rotation R® € Ort

Ref(B7 n NN nz)(Re)T :f-(ﬁ, m @m;,m;,® le)7 (8)

where either B := R°B(R®)” if B € Lin or B = Bif B € R, while m; = R°n;. Function f in the actual configuration is also isotropic,
namely VQ € Ort the following identity holds

Qf(B.m; ®m;,m; ®m,)(Q)" =f(QB(Q)",Qm, ® Qm,,Qm, ® Qm,). 9)

As a final remark, if f is a scalar valued function, then f is given by isotropic invariants built with the set of tensorial fields
mentioned above, see for instance the expressions of the yield function (25) and (26). If f is a tensor valued function, then f is
represented in an appropriate tensorial basis with the coefficients expressed like scalar orthotropic functions, see for in-
stance the constitutive expression for the plastic spin representation (35) and the constitutive function which describe
the hardening (38).

Although we do not deal here with the problem related to the thermodynamics of irreversible processes, in the case of the
isothermal processes, we make reference to the paper by Cleja-Tigoiu (2003), concerning this subject within the constitutive
framework of finite elasto-plasticity. The existence of the stress potential (i.e., the material with the hyperelastic property), as
well as the reduced dissipation inequality, under the form of the so-called principle of maximum plastic dissipation were pro-
vided, based on the II'yushin type dissipation postulate formulated by Cleja-Tigoiu (2003). The consequences of the dissipa-
tion postulated were analyzed in relationships with Drucker’s postulate (just in condition of isotropic material given by
Lucchesi and Podio-Guidugli (1990)), Lubliner’s flow rule in Lubliner (1990) and standard dissipative models, see Nguyen
(1994). In this paper we suppose that the plastic stretching is directed to the normal to the yield surface, F(r, ) = 0, & being
a stress-like tensorial internal variable, while the evolution of the tensorial hardening variable has been postulated in the form
Armstrong and Frederick (1966) rule, adapted to the orthotropic materials, hence the full associated flow rule does not occur.

Notations

Lin and Lin, denote the set of all second order tensors and the invertible ones, respectively, while Sym c Lin is the set of
symmetric tensors.

F € Lin, is the deformation gradient.

{my,m,, n3} are the initial orthotropy axes; {m;,m,, m;} denote the actual orthotropy axes, namely m; = R°n;.

D (-) is the objective derivative associated with the elastic spin.

A - B is the scalar product between A, B € Lin represented by A - B = A;B;; in terms of the in Cartesian components of the
tensors, while a - b = a;b; is the scalar product between the vectors a, b; for any A € Lin the trace trA is defined as the real
number given by trA = Aj;, in terms of the Cartesian components Aj.

a® b € Lin denotes the tensorial product of the vectors a and b, defined for any vector v by (a@b)v = (b-v)a.

T is the Cauchy stress tensor, A is the kinematic hardening variable, and « is the scalar hardening variable in the actual
configuration.

7 is the Piola-Kirchhoff symmetric tensor, « is the tensorial hardening variable in the relaxed configuration.

a® b denotes the tensorial product of vectors a and b and a ® b = a;bji; ® i;.

F is the yield function; f is the error function.

[, B are the plastic factors; h, is the hardening parameter.

oy is the yield stress in tensile test.

& is the fourth order elasticity tensor given for orthotropic case in Appendix (A4); a; are the elastic material constants; K;;
are yield parameters characterizing second order terms; By are yield parameters referring to third order terms; c, di, Xc, Y., Zc
are hardening constants; A;, 1, i are plastic spin constants.

v, 0, @ are Euler’s angles, namely the proper rotation ¢, nutation 0, and precession .

H is the Heaviside function, i.e.,, H(x) =1 ifx > 0, and H(x) =0 ifx <O.

< p>=1(B+1pl) denotes the positive part of the real function .

Due to the large diversity existing in the terminology corresponding to finite elasto-plasticity, we adopted the most fre-
quently used expressions, which also cover the content of the paper, as can be found, for instance, in the book by Gurtin et al.
(2010):

D = {L}* and D° = {L°}* denote the symmetric parts, and are called the stretching and the elastic stretching, respectively,
while W = {L}?, and W*® = {L?}“ are the skew-symmetric part of the appropriate tensorial fields and they are called the spin
and the elastic spin, respectively.

R°® is the elastic rotation; & is the small elastic strain; w® is the elastic spin; Q" is the plastic spin.

E and P denote the elastic and plastic distortions.

L? L are called elastic and plastic distortion-rate tensors.

U, V¢ symmetric and positive definite tensors which enter the polar decomposition of the elastic distortion, namely
E = R°U° = VR, are called elastic stretch tensors.
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2. Constitutive framework in the deformed configuration

In this paper, first we describe the behaviour of material with respect to local, relaxed, isoclinic configurations and the
constitutive and evolution functions are assumed to be invariant with respect to the orthotropic symmetry group, gs. We
denote by &, &, k., &¢ and n; the Piola-Kirchhoff stress tensor, tensorial internal variable, small elastic strain tensor and ortho-
tropy direction in K, respectively. The internal variables used in the model proposed herein, assumed to be a symmetric and
traceless tensor of Piola-Kirchhoff type (usually called back stress), &, which is a stress-like variable and a scalar field «,
which can be either the equivalent plastic strain or the plastic work, see Khan and Huang (1995), Chung and Park (accepted
for publication). It was clearly mentioned that o characterizes the translation motion of the yield surface in the stress space,
while x characterizes the change in the shape of the yield surface.

As a consequence of the representation Theorem 1 we introduce the following assumptions:

Ax. The material response is linear elastic with respect to the isoclinic configuration and is expressed in terms of the Pio-
la-Kirchhoff symmetric stress tensor by

7 =E(&°) = £(ny @ Ny, Ny © Ny)[E). (10)
The the linear orthotropic elastic type constitutive is written in the formula (A4) in the orthotropic basis.

o The plastic distortion-rate tensor is assumed to be given in terms of its symmetric and skew-symmetric parts, N’ and ¥,
respectively, namely

d

p

Remark. The plastic distortion-rate P(P) " is power conjugated in isoclinic configuration with the Mandel stress measure,

T = Cxt,C° = E'E, which is not generally a symmetric tensor. This result follows from the expression of the internal power

T - L, if the velocity gradient is replaced by its expression (4). If the elastic stretch tensor, U°, is small (just this is the case in

this paper), then £ ~ . Thus the Mandel’s type tensor coincides with the Piola-Kirchhoff stress tensor in the isoclinic con-

figuration. This is the rationale for using the symmetric Piola-Kirchhoff as a measure of the stress in the expression of the
constitutive functions, expressed with respect to the isoclinic configuration.

P(P) " = i(NP(m, o, k,my @ Ny, My @ M) + QP(T, 00, K,y @ Ny, My @ MNy)) (11)

e We add the evolution equations for the hardening variables

For any given smooth history of the deformation t — F(t), the time evolution of the fields {a, x}, for fixed n, is described by
the differential type system

a = ﬂi(n, o, K,N; ®Nq, N ®Ny),
k = fib(m, & Kk, 1y @ My, My @ My), (12)
n, =0,

k={1,2,3}

Since the local, relaxed configurations are considered to be isoclinic, the orientation of these configurations is kept un-
changed during the process, i.e., n, = 0.

e Here jt is the plastic multiplier associated with the yield criterion and is defined in terms of the yield function F

F(m,o,k,n; ®N1,N; @My) =0 (13)
such that the following relations are satisfied

it > 0,F < 0, uF =0 Khun—Tucker condition (14)
,u]—‘ = 0 consistency condition

An explicit formula can be given for the plastic multiplier, f, written by using the evolution equation for the plastic distor-
tion and the hardening variable in terms of the stretching D can be derived as a consequence of the consistency condition,
namely

fi= < B> HF),
B=EN’]-D, h.=E&NP]-N°+N°.1-0,Fb,

if the yield function is dependent on the effective stress 7 — & and the hardening parameter f, is positive.

Please cite this article in press as: Cleja-Tigoiu, S., lancu, L. Orientational anisotropy and strength-differential effect in orthotropic elasto-
plastic materials. Int. ]. Plasticity (2013), http://dx.doi.org/10.1016/j.ijplas.2013.01.005



http://dx.doi.org/10.1016/j.ijplas.2013.01.005

S. Cleja-Tigoiu, L. lancu/International Journal of Plasticity xxx (2013) Xxx—xxx 7

The fields 7, «, &2, n; pushed forward to the actual configuration are defined by
T=R°n(R®)", A=R«R")’, & :=R°%(R°)’, m;=Rn, (16)
since the elastic rotation characterizes the passage from the isoclinic configuration to the actual configuration. These fields

have the meaning of Cauchy stress, internal tensorial variable, small elastic strain and actual orientational variable, respec-
tively, all of these written with respect to the actual configuration.

When we take the time derivative of (10) we get

d . d
an =&(m @ny, N, @ Ny) [a(se)} =

R (g ) R =R & s ) [ )

(17)

using the linearity of the elastic constitutive equation. As a direct consequence of the Theorem 1 from the last rate type con-
stitutive equation derived in (17) we derive in the actual configuration

&TC
Further, when the fields are pushed away to the actual configuration, the objective time derivatives for the appropriate
transformed fields T, A, €, m; appear through the following relationships

R (g ) (R = Elmy & my.ma & )[R () (R (1)

b (T) =T — ‘T + To® = R°(R%)"

Dt

D (19)
M = m, — o'm;,, where °=ReR°)"

Relations similar to T also hold for & and A. The objective derivative of the fields T, A, €, and m; defined in the actual con-
figuration are associated with the elastic spin.

The plastic distortion-rate tensor is pushed forward to the actual configuration, and its symmetric part, i.e., the plastic
stretching, in the actual is given by

R°D’(R®)" = INP(T, A, K, m; ® My, m, ® m,), (20)
while its skew-symmetric part, i.e., the plastic spin, is postulated to be written as

R°WP(R®)" = 1Q°(T A, Kk, m; @ m;, m, @ my). (21)
The elastic spin is defined as a consequence of the relationships (5) and (21)

w® =W — gQP(T,A K, m; © My, m; ©m,). (22)

We eliminate the rate of small elastic strain from the rate type constitutive equation derived in (18), using the kinematic
relationship (5) together with (20). If we add the evolution equations for the hardening variables, again pushed away to
the actual configuration, the following statements hold:

Theorem 2. For any given smooth history of the deformation t — F(t), the time evolution of the fields {T, A, k, my} is described by
the differential type system

D " o .
D—tT =&(m; @ my,m, ® my)[D] — €(mM; ® mqy, m; @ my)[NP],

Da_ji ic—ph, Pm,—0 =
Dt 7,“’7 7,“ 5 Dt k — Y,

where the objective derivative . acts on the fields defined by formulae (19) together with (22). The arguments of the hat function
are T,A, Kk, m; ® m;,M; ® m,.

The initial conditions are introduced in the form T(to) = 0,A(to) = 0,k (to) = 0,m;(to) = n;,i = 1,2, 3.

Further, we do not mention the arguments of the hat function, namely T, A, k,m; ® m;, my ® m, or (M; ® M, M, ® My),
unless this is necessary.

The effective stress S = T — A is introduced since A has the meaning of the back stress. The back stress influences the posi-
tion of the yield surface in the stress space.

Sj=m;- (T—A)m; i,j=1,2,3, denote the components of the fields with respect to the actual orientational axes.

3. Yield function dependent on the third order invariant

We introduce a Drucker type yield function, which is dependent on the effective stress, i.e., S = T — A, and the scalar hard-
ening x, in a new approach based on the g;— invariance assumption.
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Ax. Yield function is represented in terms of three scalar valued functions as

F=()* —yfs —F=0, (24)

where

. fz is g¢ invariant and homogeneous of the second degree, while
e f3 is gg invariant and homogeneous of the third degree with respect to the effective stress;
o function F = F(x) describes the scalar hardening and depends on x only.

The yield function written on the left hand side of (24) has an expression suggested by the initial like yield condition pro-
posed by Cazacu and Barlat (2001) and used in Cazacu and Barlat (2004) and Nixon et al. (2010).

Here we use the representation theorems of Liu (1982) and Wang (1970) and, consequently, the g invariant functions f,
and f; will be described as functions dependent on the scalar invariants generated by S € Sym and orientational variables
m; ® m;, M, ® M, € Sym, as we mentioned in Theorem 1.

Theorem 3. The homogeneous of the second degree and gg invariant function f, is represented using nine material parameters C;
F(TAM @em,mem)=CS-S+GS - (m @m) + CS - (my ©my) + C4(S- (my @ my))* + C5(S - (my
®@my))? + Ce(S- (my @my))(S - (M, ®my)) + C;(tr(S))? + Catr(S)(S - (my ® my))
+ Cotr(S)(S - (my ® my)) (25)

2. The homogeneous of third degree and g4 invariant function f; allows a representation in terms of the basic set of invariants
involving nineteen material constants

f3(TA M @m,m; @m;) =B;(S-S)(S- (m; ®my)) + B(S-S)(S- (m; @ my)) + [$ - (m; @ my)](B;S - (m
®@my) + BsS - (M @ my)) + [S? - (My ® M,)](BsS - (M ® my) + BgS - (M, @ my))
+B7(5-(m; @m))%(S - (my ® my)) + Bg(tr(S))? + Botr(S*(my @ my))
+ Biotr(S*(my @ my)) + By1 (S - (my @ my))(S - (my @ my))? + B2 (S - (m; @ my))?
+Bi3(S - (my ® my))° + tr(S)(B14S* - (M @ my) + BysS? - (m; @ my))
+ (trS)*(By6S - (my @ my) + By7S - (My @ My)) + Bystr(S®) + Brotr(S)tr(S?) (26)

Generally, the material parameters C;,i € {1,...,9} and B;i € {1,...19} could depend on the scalar hardening variable x.
Here we restrict ourselves at the hypothesis that C;, B; are constant.

Remarks:
Some peculiar properties of the yield function (24) could be emphasized:

o Apart from the yield function considered in Cleja-Tigoiu (2007), f> contains all g5 invariants that generate a second order
homogeneous function with respect to the effective stress. If we compare f, with the yield function introduced by Cleja-
Tigoiu (2007), which is independent of tr(S), we can conclude that the two yield functions coincide if and only if
C7 = Cs = C9 =0 and y = 0. Hill's quadratical yield function with mixed hardening but no evolution of the orthotropic
axes is used in Vladimirov et al. (2011) and Tang et al. (2008).

e For 7 # 0, the third invariant of the tensor S is involved in the definition of the yield function.

e Cazacu and Barlat (2004) proposed the yield function in the form (J,)**> — ¢ J; = 73. In the aforementioned paper, f, and f;
are expressed by the stress components with respect to the orthotropy directions (in the deformed configuration), and
not in terms of the appropriate invariants of the stress. There is no evolution equation which could describe the motion
of the orthotropy axes with respect to time. Consequently, the yield function is viewed in the fixed axes since the motion
of the orthotropy axes with respect to time is not described at all.

Function f, allows a representation with respect to components S; of the following type
f-z (T7 A, m; ®m;,m; ® mz) = K]]g%l + K22§%2 + K33§§3 + Kmlg%z + Km2§%3 + I<m3§§3 + K]2§11§22 + K13§]]§33
+ 1(23§22§33 (27)

where the new material parameters Ky, as functions of {C;,i...9}, are presented in (A1).

Proposition 1. The sufficient conditions that ensure the yield function to be pressure insensitive can be derived from the
restrictions
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fi(S—pl,my @ my,my, ® my) = f;(S,my @ My, My ®my), forj=2,3, (28)
V'S e Sym, as the relationships between yield constants

K1 =Ks3 — K11 =Kz, Ki3 =Ky —Ki1 — K33, Kaz =Ki1 — K2 — K33 (29)
and

Bi11 = —B4 — Bs — By, B1a = (1/3)(—2B3 — B;),B13 = (1/3)(B4 + Bs — 2B + B7),

B1s = (1/3)(—B3 — B4 — 3By), Bis =(1/3)(—Bs — Bs — 3Byo),

Bis = (1/9)(—3B;1 + B3 + B4 + 3By), 30)

By7 = (1/9)(—3B; + Bs + Bs + 3By0),

Big = (1/18)(—931 — 9B2 + B3 + B4 + Bs + Bg + 8133 + 339 + 3310)7

Big = (1/18)(3B; + 3B, — B3 — B4 — Bs — Bs — 81Bg — 3By — 3By9),
hold.

Remark The initial yield function (24) for a pressure insensitive material is characterized by sixteen yield constants, out
of which six refer to function f,, namely Kj introduced by (27) together with (29), and ten refer function f;, namely
By, k=1,...10.

Proposition 2.

1. Function f, has the following component representation

fo= %(K“ + K33 — K33)(S11 — Sa2)? +%(1<n + K33 — K33)(S11 — S33)? +%(K22 + K33 — K11)(S22 — 533)° + K S,
+ Kin2S25 + K3 S% (31)
2. The pressure insensitive yield function (27), i.e., as given by (31), is positive definite if and only if
Ki1+Ky—K33 >0, Kii +Ks3—Kypp >0, Kypp+Kszz3—Ki1 >0, Kpg >0, Kpp>0, Kpz3>0 (32)

We can recover the quadratic expression for the components of the stress tensor with respect to the orthotropic axes,
which enter the expression of the Hill (1948) criterion, if we introduce the notations in (31),

1
(K22 + K33 — Kq1), G= E(KH + K33 — K»),

(Ky1 + K22 — K33), 2L = K3, 2M = K2, 2N = K.

F—

E=

N = N =

Proposition 3. The pressure insensitive function f5 can be expressed in terms of the stress components Sj=m,;- §mj as

f3 = ’(13%] + kzg%z + k3§§3 + k4§%1§22 + k5§%1§33 -+ ksggzgn + k7§%2§33 + ’(3§§3§]] + k9§§3§22 + k]o§%2§11
+ kngfzgzz + k12§%2§33 + /<13§%3§11 + k14§%3§22 + /<15§%3§33 + k16§§3§11 + k17§%3§22 + k18§§3§33 + k1951152533
+ kzo§12§13§23 (33)

where the constants k;, i € {1,...20} are given in (A2), (A3) and depend on the material constants previously introduced
Bj,je{1,...,10}.

4. Orthotropic model dependent on the third invariant of the stress

1. The plastic distortion-rate tensor pushed forward to the actual configuration is proposed to be given by its symmetric and
skew-symmetric parts, N° and €, respectively, in (11).

2. The flow rule associated with the yield surface (24) defines the symmetric part of the plastic distortion-rate tensor,
namely the plastic stretching, in the deformed configuration as

RD’(R®)" = NP with NP = opF = % f201f2 — y0rfs, (34)

namely (9rfy); == m; - (Orfi)m; = 7, fy, i € {1,2,3}, and
(Orfi)y -= m - (Orfi)my = 3 9r,fy, i,j={1,2,3}, i #].
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3. Three types of plastic spins, namely three constitutive functions ©, are proposed herein. In order to provide the isotropic
functions which take the skew-symmetric values, we use the representation theorems of Wang (1970).
e On assuming that the plastic spin is generated by S and the orientational variables m; ® m;, m, ® m,, which gener-
alizes the Mandel type plastic spin (called plastic spin I), we introduce

QF = A (S(my @ my) — (Mg @ My)S) + Ay (S(m; ® my) — (M ® My)S) + A3 (M @ Mz)S(My @ My) — (My
©my)S(m; @ my)) + Ag(S?(my @ my) — (Mg ® My)S?) + As(S?(Mz @ my) — (M, ® M2)S?) + Ag((m;
®my)S?(m; @ my) — (Mg ® my)S?2(mM, @ my)). (35)

For A; = As = Ag = 0 the plastic spin is reduced to the linear expression with respect to the effective stress S. Such type of the
plastic spin is firstly introduced by Dafalias (1985) and Loret (1983). In the class of orthotropic £— model developed by Cleja-
Tigoiu (2000a), a similar (with aforementioned papers) linear representation of the plastic has been proposed in terms of the
non-symmetric Mandel stress measure X. If we take A; = A3 = As = As = 0, from the formula (35) we obtain the Mandel type
plastic spin proposed by Cleja-Tigoiu (2007).
e If we assume that the plastic spin (called plastic spin II) is generated by NP and the orientational variables
m; ® m;,m; ® My, we obtain

@ =0, (NP (my @ my) — (my @ my)NP) + 17, (NP (m, ® my) — (m; @ my)NP) + 77, ((my © my)NP(my @ my)
— (M ® mp)NP(m; @ my)) + 17, (NP)* (my @ my) — (my @ my)(NP)?) + 175 (NP)? (m; @ my) — (m; @ my)
% (NP)?) + 11((my @ my)(NP)?(my © my) — (my @ my)(N?)?(m, @ my)) (36)

Remark. When an associated flow rule with a quadratic yield function is considered, the representations (35) and (36) be-

come equivalent. Formula (36) for 1, = 15 = 575 = 0 is reduced to the Liu-Wang type spin proposed in Cleja-Tigoiu (2007).

e When the plastic spin is generated by S, NP and the orientational variables, the expression of the plastic spin (called
plastic spin III) can be derived in the following form

QP = (SNP — NPS) + 77, (SNP(my ® m;) — (m; ® m;)NPS) + 77, (SNP(m; ® m;,) — (m, ® my)NPS) + 75 ((m,
®my)NPS(m; @ m;) — (m; ® m;)SN?(m, ® m,)) (37)

For fjy = 0,k = 1,2, 3, the plastic spin Ill is reduced to the non-coaxiality law, between S and the plastic flow rule, that has
been derived by Bammann and Aifantis (1987), Paulum and Percherski (1987), Zbib and Aifantis (1988), Van der Giessen
(1991) and Kuroda (1995). Formula (37) does not contain an appropriate complete set of skew-symmetric invariants. If
i1 =12 =113 = 0, then the Dafalias type spin introduced in Cleja-Tigoiu (2007), see also Cleja-Tigoiu and Ilancu (2011),
can be derived. For comparison, we also refer the reader to Dafalias (2000).

4. We introduce an evolution equation for the tensorial hardening variable in the actual configuration as an Armstrong-
Frederick type hardening law adapted to the orthotropic material

%A = ,ui(T,A, K,m; @ My, M, ®m,), where

1=coNP + ;[N (my @ my) + (my @ my)N?] + ¢, [NP(m; ® my) + (my @ my)N?] — b(T, A, k,m; @ m;, m,
©my)[doA + di (A(m; @ my) + (M; @ mMy)A) + dy(A(m, © my) + (M, @ my)A)] (38)

where co, C1, C3,dg,dq,d, are material constants.

Remark. Eq. (38) would become of the Prager type, (see Khan and Huang (1995), Chung and Park (accepted for publication))
and not of the Prager-Ziegler type, provided that the following equalities hold: ¢; = ¢c; = 0,dy = d; = d, = 0. Eq. (38) can be
reduced to the Prager type hardening law adapted to the orthotropic material in Cleja-Tigoiu (2007) if dy =d; =d, =0,
which have been considered in Cleja-Tigoiu and Iancu (2011). Moreover, if we consider that only ¢y and dy are non-vanishing
parameters in Eq. (38), the non-associative hardening law 28 = ¢y 67 F — doAk can be derived. Within the constitutive
framework of small strains, with a similar hardening law and parameters co and dy as functions of x, Chung and Park (ac-
cepted for publication) introduced and analyzed the corresponding consistency condition (which should not be considered
as the consistency condition from rate-independent plasticity) of coupled isotropic and kinematic hardening with isotropic
hardening under the proportional loading. However, our aim is to analyze a mathematical model that does not satisfy the
aforementioned relations. Only if these five constants are not vanishing, i.e., when we take into account the influence of
the orthotropy on the hardening, it is possible to determine their values to be compatible with the experimental data given
by Verma et al. (2011).

5. The evolution equation for the scalar hardening variable, «, in the actual configuration is given by

i = jb(T,A, K, m; ®my, my @ m,). (39)
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6. Two types of scalar hardening variables can be introduced in the model:
(a) k is the equivalent plastic strain and it can be given by the evolution equation

fc = +/Dr(t) - Dr(0), (40)

with the appropriate scalar hardening function, i.e., Swift-type function, given by

F(k) = o3 (ki +1)°", whenb = VNv-Np. (41)
(b) k evaluates the plastic work and it is characterized by
ic=S(t) - DP(t), (42)

with the associated scalar hardening functions prescribed by the Voce-type function

F(x) = 03 (X +y.e**)>, when b = WS -NP (43)
where k,n,x.,y,.,z. are material constants.

Notice the essential difference, ik can not be negative during an elasto-plastic processes in the case (a), in contrast with
the case (b), when the change in the sign of i is allowed. Just the changing in the sign of  during the processes in the case
(b), could be useful to make the difference between tension and compression processes and could certificate the rationale in
selection of the scalar hardening variable done by Verma et al. (2011). “In the simulation of metals forming, modelling the
flow stress as an average behaviour of material over a deformation range is more important than determining an initial yield
locus of the material,” see the assertion in Verma et al. (2011).

Remarks. The scalar function F(x) of Swift-type has been used in Banabic et al. (2003), while Verma et al. (2011) used the
scalar function of Voce-type, which are here adapted for homogeneous functions of the third degree with respect to the
effective stress.

5. Orientational orthotropy and Euler angles

Herein, we resume the procedure previously introduced by Cleja-Tigoiu and lancu (2011) and which allows us to char-
acterize the motion of the orthotropic axes during the deformation process in terms of three angles, namely the so-called
Euler angles, see Beju et al. (1983).

Three set of othogonal axes is introduced

® ji,J2,J; represent the fixed orthonormal basis, say the geometric axes of a sheet,

e Ny, N, N3 are the initial orthotropy directions that characterizes the orthotropy direction in the so-called relaxed (or plas-
tically deformed) configuration, generally different from the axes of the sheet,

e m;, m,, m; are the orthotropy directions in the actual configuration, which satisfy the initial condition m;(to) = n;,i=1, 2,
3, see Fig. 1.

We denote by R € Ort the rotation tensor which characterizes the position of the orthotropy axes m; with respect to the
fixed axes j;, namely Rj, =m,, k=1,2,3.

The initial position of the orthotropy axes n; with respect to the fixed axes j; is characterized by the rotation tensor,
Ro € Ort,namely Ro(j,) =mn,, k=1,2,3.

The elastic rotation tensor is denoted by R® € Ort and it is is related to R by

R°n, =my, k=1,2,3, R°(t)=R(t)(Rg)™!, R%(ty) =1 (44)

Fig. 1. The sheet and the orthotropy axes in actual configuration.
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The meaning of the Euler angles, which characterize the components R;, = j; - Rj, of the rotation tensor R, is described as
follows:

o the nutation 0 is the angle between the axes ms and j,,

e the precession s is measured from j; to the nodal axis denoted by ON, which is the intersection of the planes (j;,j,) and
(my, my),

o the proper rotation ¢ is the angle between ON and the axis m,, see Fig. 1.

Let us remark that in the case of a plane rotation, when 0 = 0, the precession angle s is misleading and is considered to be
zero.
The components of the rotation tensor R can be expressed in terms of the Euler angles by the following formulae

COSY cos (@ — sinycosfsin@ —siny cos @ — cosycosdsing  sinfsin @
(Rik) = | cosysing + sinycosfcos@ —siny sin@ + cosy cosfcos@ —sinlcos @ (45)
siny sin 0 cosysin 0 cos 0

Note that the elastic spin w® = RR®" = RR” with respect to the current orthotropic basis m; ® m; has the components

0 —p —ycosf 0'sin ¢ — s sindcos ¢
(@f) = @ +cosd 0 —0cos @ —y sin0sin @ (46)
—0sing +ysin0cos@ 0cos @ +ysinsin @ 0

Ry is characterized by the initial values of the appropriate Euler angles v (to), ¢ (o), 0(to).
We introduce the notations for the components of the stretching tensor, D, with respect to the axes {j,} and {m}, as well
as the motion spin and tensorial hardening variable A

Dix Zji . Djk, E)ij =m,; - ij, W,‘j =m; - ij, Qg =m,; - mej, Aij =y Amj (47)

Remark. As it has been noticed by Cleja-Tigoiu (2007), the time derivative of the components of the Cauchy stress with
respect to the actual orthotropic axes are just the projections of the objective derivative taken with respect to the elastic spin,
namely

d D

— (my - Tmy) = my - — (T)my. 48

g (M - Tmy) kpp (Dmy (48)
As a direct consequence of this remark and using formula (22), the following result can be proven.

Notice the formal similarity of the differential system which allows to determine the state of the material, namely the
current values of the Cauchy stress, hardening variables and Euler angles, for a given history of the deformation gradient
with the appropriate one proved by Cleja-Tigoiu and lancu (2011). However the constitutive frameworks are completely
different.

Theorem 4. For a given smooth history of the deformation t — F(t) at a fixed material point, the evolutions with respect to time of
the components of the Cauchy stress, T, and the tensorial hardening variable, A, in the basis m; ® my, the Euler angles, v, 0 and ¢,
and the scalar hardening variable, k, are described by the following differential system

d . ) o
g¢ Lo = m; - EDjmy — fim; - (£)[N°]my
d o
&AU = um; - lmj
@+ cosd =m, - (W — QP )my (49)
—dsin @+ sinfcos p = m; - (W — 4QP)my
0cos @ +ysinfsin g = ms - (W — 1")m,
k = jib
where D = {F(F)"'}* and W = {F(F)"'}“. The above differential system is associated with the yield condition = 0, while the
plastic factor, [, is defined by the formulae (15), while the initial conditions are given by

Ai(to) =0,K(to) =0, p(to) = (g, 0(to) = 0, (to) = o, T(to) =Ty is taken such that F(T,,0,0,n; @ ny,n; @my) < 0.
(50)

Remark. If sin 6 # 0, then the time derivative of the Euler angles can be explicitly expressed and the following theorem
holds.

Please cite this article in press as: Cleja-Tigoiu, S., lancu, L. Orientational anisotropy and strength-differential effect in orthotropic elasto-
plastic materials. Int. ]. Plasticity (2013), http://dx.doi.org/10.1016/j.ijplas.2013.01.005



http://dx.doi.org/10.1016/j.ijplas.2013.01.005

S. Cleja-Tigoiu, L. lancu/International Journal of Plasticity xxx (2013) Xxx—xxx 13

Theorem 5. If sin 0 is not vanishing during a given history of the deformation gradient, then the evolutions with respect to time of
the components of the stress and tensorial hardening variable with respect to the actual orthotropic axes, the Euler angles, v, 0 and
@, and the scalar hardening variable, x, are characterized by

T = —ju(a NE (T,A) + (1121%72('1'7 A) + 013N§3(T, A)) + D11a11 + Dya@yy + D33ty
Too = —(@i2N?, (T, A) + azN3, (T, A) + a3 N3, (T, A)) + D11aiz + D2y + D33tz
T3 = _H(a13N11 (T,A) + 61231(152(”['7 A) + C1331(J§3(T7 A)) + D143 + Daya@ys + D33ass
Ty = —,1161441§1I1'2(T7 A) + D120uy
Tia = —ﬂaGGN%(T, A) + D1306s

Ty = —f1assN2, (T, A) + Dasass

An = [1[(co +2¢1) N}, (T,A) — b(T,A, K)(do + 201 )Avi]

Ay = fU(co + 2¢2)NE, (T, A) — b(T, A, k) (do + 2d)A]

Ass = fi[coNB, (T, A) — b(T, A, K)doAs3]

Az = fU[(Co + €1 + ¢2)NE, (T, A) — b(T, A, )(do + d1 + d3)As,]

A3 = i(Co + ¢1)NE,(T,A) — b(T, A, k)(do + d1 )As3]

Az = f1[(Co + C2)NB, (T, A) — b(T, A, K)(do + dz)As3]

P = O, — cot 0(QF, cos ¢ + Qb sin )] — Wi + cot (W13 cos ¢ + W sin )

(51)

0 = f1(€8, cos ¢ — Q5 sin @) + W13 sin @ — W3 cos @
. 1
4 7'usm0

k = jib

1
(Q]3 cos @ + 933 sing) — — (W13 cos @ + W3 sin Q)

associated with the yield surface (24), together with (15), namely i = ﬁ < B> H(F) and the initial conditions (50).

Here the components Dy, are expressed in terms of the components of D = {L}* in the basis {j; ® j,} and of the compo-
nents Ry = Ry (¥, 0, @) of the rotation tensor, and they can be found in (B1).

The expression of the components Np =m;- Nl’mj l,J =m;- lmj Q" m; - Qmj,l] =1,2,3, are given in (A5), (B2), (C1),
(C2) and (C3), respectively. All these functlons depend on §; = Tj; — AU, but also on A since the Armstrong-Frederick hard-
ening law was considered.

The expression of the plastic factor, , is obtained using N" and Du as follows from (A6). Note that function h, is expressed
using N,Jv TU and b in the formula (A7).

Remark. If sin 0 = 0 on a certain time interval, then from (45) the equality m; - (W — iQP)m; = 0, ms - (W — 2QP)m, = 0
necessarily hold. y could be considered zero and from (42) all the components R;3 = R3; = Ry3 = R3; are vanishing.

6. Rate type models for in-plane rotation and in-plane stress

The particular case of an in-plane rotation of the orthotropy axes and the plane stress state can be derived from the The-
orem 4. as it is discussed in the following theorem.

6.1. In-plane rotation of the orthotropy direction

Theorem 6. Let us consider a deformation process F =F(t),t € [to, t;], with a continuous rate of strain on the time interval
I = [to, ty], under the supposition that the shear components Dy3(t), Dy3(t), W13 (t) and Wy (t) are vanish during the deformation
process.

If the initial conditions are given by

O(to) = 0, l//(to) = 07 ‘P(to) = Py, Aij(to) = 07 17] = 17273» K(to) = 07 (52)
T(to) =T, such that T13(t0) = ng(to) =0, j‘—(T(),0,0,nl ® Ny, Ny ®n2) < 0.

then the shear components T3, T3,A13,A23 and the Euler angles 0 and y remain zero during the elasto-plastic process, for
every one of the plastic spins considered here, and

T]] = —/l [aan]’I(T A) + alZNgz(T A) + (1131/\71333(T A)] + 01151](@) + alzﬁzz((p) + 013533(@)
Ty = — [t [a12NE; (T, A) + a2 N3, (T, A) + a2s N85 (T, A)] + a12D11 () + 122 D22 () + a23D33(90)
T33 = —ft [@13N?,(T,A) + a3 N5, (T, A) + @33 N5, (T, A)] + a13D11(() + 3Dz (0) + a33D33(¢p)
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Tiz = —ft AaaN?, (T, A) + asaD1>()

An = ft[(co+ ch)N’f1 (T,A) — (T A, K)(do + 2d1)A11]

Ay = fu[(co +2c2)N’2’2(T A) — b(T,A, k)(dy + 2d3)As]

Ass = [1 [coNB;(T,A) — b(T, A, k)doAs3] (33)
Arz = ft[(Co + €1 + C2) NP, (T, A) — b(T,A)(do + d + d2)A15)]
¢ = [LO,(T.A) — Wi
k = j1b(T,a, x)

with the plastic factor given by jt = %H(]—‘),

The proof of the statement can be found in Appendix (B).

Proposition 4. In the case of in plane rotation of the orthotropic axes, the yield function is reduced to the following expression
F =2’ —ofs - F,
fz = K11§%1 + K22§%2 + K33§§3 + Km1§%2 + (K33 — K11 — K22)§11§22 + (Kzz — K11 — K33)§11§33 + (K]] — 1(22 — K33)§22§33
f3 =kiS3, + koS3, + ksS3y + kaS2,S00 + ksS2,S33 + keS2,S11 + k752,533
+ k85§3511 + k95§3522 + ka%zSn + kns%zszz + k125%2533 + k19511522533.
(54)
Remark. In our representation of the yield function only ten independent yield constants, denoted by By, appear in the
expression of f3, in contrast to expressions presented by Cazacu and Barlat (2004) where eleven independent coefficients

appear.
In conclusion:

e The in-plane elastic rotation tensor is characterized by non-zero components
Ri1 = Ry, = cos Q, Ry, = — sin Q, Ry = sin Q, R33 = 1, (55)

e Functions (NP)J with N, = NB, = 0, are given in (A5), while functions f and h, depend on Ty, Ay, Dy and ¢ as can be seen
from (A6) and (A7) with the following vanishing components D3 = D,3 = 0.

e There is a single non-vanishing component of all plastic spins considered herein, namely Qm, whose expression is given
by

O, =AiSi; + A (S +52)S12  generated by S,
O, = il N2, + 75(NE, + N2,)NP,  generated by NP, (56)
%, = i1 (S11N?, + S12NB,) + 712(S12N?, + 52 N%,)  generated by S and NP.

e We add the expression for the constitutive function b, derived from (41) or (43).
6.2. In-plane stress state

The stress state is plane during the deformation process with respect to the axes j;,j,,js, if and only if
j1 'Tj3 :jz 'Tj3 :j3 ‘Tj3 =0. (37)
Let us suppose a deformation process characterized by the zero shear components D3 = D53 = 0, and in-plane rotation of the
orthotropy directions. The orthotropic axis, ms = j;, remains fixed during the process, and j; - Tj; = m3 - Tms; = 0.
We investigate the necessary condition to have the plane stress associated with a rotation in the plane of the

orthotropy directions. In order to understand what is in-plane stress state means, we assert the following important
remark:

Remark. To have Ts; = 0 during the process, the component of the stretching along the direction perpendicular to the
plane, D33, should be derived from (53) by the following equation

D33 = el (a13N]1 + 023N22 + 033N33) - —Dn - aﬁDzz, (58)
as3 as3 as3
in which the plastic factor on the yield surface is given by ji = /‘> . where § is depending on D13, as it can be seen from the
formula (15).
We conclude that Ds; can not be arbitrarily given in the considered deformation process, and it results to be dependent on
D11, Dy, Dis. Consequently, in plane stress state, the component D1 is not necessarily vanishing, despite the case considered
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for instance in Han et al. (2002). As a direct consequence of the previously given remark and using the same arguments as in
Cleja-Tigoiu (2007) we give the following theorem, which characterizes the plane stress state.

Theorem 7. Let us consider a deformation process with Di3 = D3 = W13 = W53 =0 and the orthotropy direction ns is
perpendicular to the plane (j,j,)-

1. The differential system which describes, in the plane stress process, the material response is described by
Tiy = —ftp[@r N3y (T,A) + a1oN8, (T, A)] + @n1 D11 (@) + 12 Dao(¢0)
T2z = —[ip[@12 NE, (T, A) + Gz Nb, (T, A)] + Grz D11 () + G22D2a(0)
Ty = *ﬂp/ﬂ44ﬁl1]2 (T,A) + auD12(¢)
A1 = fipl(co + 2¢1)NE, (T, A) — b(T, A, k)(do + 2d1)A]

Ags = ftl(Co + 2¢2)ND, (T, A) — b(T, A, k)(dp + 2d5)Az)] 59
A1z = fiy[(Co + €1 + C2)NP, (T, A) — b(T, A, k) (do + d + da)Ar2]
k = fib(T, A, x)
P = 1, (T, A) = Wha(@)
with the hardening constant ¢, = 0 and with the initial conditions written in (52) at which we add Ts3 = 0.
2. The expression of the modified plastic factor, denoted by fi,, is derived under the form
N By
o = (60)

ﬁpz = [an Nﬁ)l + a2 Ngz]ﬁn + [a12 NI;] +ax Ngz]ﬁzz + 20441(111)2512,

if the modified hardening parameter flc,p, is positive, where the expression for the hardening parameter is written in the fol-
lowing form

hept = N3 (@11 N5, + @12N5,) + N5, (@12 N3, + G2 NB,) + 2a4a(N%,)* + N3, Ly + N8, o + 29, I1 + (8F(xc)) b. (61)

3. Here the set of reduced elastic coefficients are defined by the combination of the elastic moduli which is realized during
the deformation process in-plane stress state

. @, (i3l - a3
a1 =ay1 ——=, Qi3 =0d;p — , Oy =0y ——=. 62
11 11 a3’ 12 12 33 22 22 33 ( )
4. The axial stretching is given by
- [ N . . a3 ~ a3 ~
Dis(0) = L7 (s N3, (T, @) + apsNE, (T, @) + @352, (T,2)) — 712 D1 () — 72 Daalp). (63)
ass as3 as3

Proof. By eliminating the component D33 from (58) together with the consistency condition written in terms of ji, namely if
it >0 then F = f — jth. = 0, we obtain the following expression

. 1 « « - N N RN Lo~ coo~

flhe - 0 (a13N5; + axsNB, + assNB;)? | = (a1 NE; + Grp NB, D1y + [@12 N5y + G52N3,]D 35 + 2044NF, D1 (64)
Just the expression in the large bracket defines the modified hardening parameter flcvp,, those expression is written in
(61). O

The component As; is not vanishing as a direct consequence of the fact that N§3 is not vanishing in this case. The evolution
in time of this component is given by an appropriate differential equation derived from (53), namely
Ass = i [CON§3(T, a) — B(T, A, K)doAss]. Ass is vanishing along the solution of the differential equation if and only if the con-
stant that appears in the evolution equation for the tensorial hardening parameter vanishes, i.e., cg = 0.

Comments. In the model proposed herein, the component of the back-stress, As3, has an evolution related to the evolu-
tion of the plastic strain in the normal direction, in contrast to the model adopted by Cleja-Tigoiu (2007) that leads to
As3 = 0. In order to avoid Ass # 0, we introduce the limitation of the model to the case of Armstrong-Frederick hardening
law with ¢o = 0. This limitation is not necessary if no supposition concerning the stress state has been made. Hahm and
Kim (2008) noticed that for sheet materials in a plane stress state, the back stress measurement in the thickness direction,
in our notation As3, remains unknown. We adopted a similar point of view to have A33 = 0 as was made by Truoung Qui and
Lippmann (2001) and Hahm and Kim (2008) when the material is subject to a plane stress.
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Proposition 5. In the case of a plane stress state, the yield function (50) is reduced to the following expression
F= 02)3/2 —yfs —F, for y =1, and where

fz = Kngﬁ + K22§%2 + K33§§3 + Kmlgfz + (K33 —Kq1 — K22)§11§227 (65)
f3 = kl§?1 + k2§§2 + k4§%1§22 + k6§§2§11 + ’<10§%2§11 + k11§%2§227

with the six coefficients k;, i € {1,2,4,6,10,11} given in (A2), (A3), and the function F = F(x) describes the isotropic
hardening.

7. Numerical simulations

First we determine the initial yield surface, and the material constants involved in our model, which are consistent with
experimental data, and second the model will be applied to simulate the material behaviour in certain test experiments.

7.1. Initial yield surface for orthotropic material: set of material parameters compatible with experimental data
We refer to the initial yield surface, which is described by function , together with functions f » and f 3 given by (28), (31)
and (33), respectively, when P = LR® =1,y = 1, namely
FMA=0k=0n @n;,nen) = ()" —)fs - =0.

In order to define the material yield constants, consistent experimental data, from the plane stress state experiment, which
can be found in Verma et al. (2011), will be employed. The relationships between the yield constants denoted by

&= (K11,K22,K33, K1, {Bk}1 <k< 10) = (5i)1 <i<14 (66)

and the experimental data, are obtained for the uniaxial stress state which is applied along a direction, say v, and for the
equi-biaxial stress, respectively,

T:Tloc = 6';4V®V, T:T\bzéb(n1®n1+nz®n2), (67)

where v = coson; + sinan, is in the plane (n{,n;), and « € [0, 7/2].
The coefficient of plastic orthotropy is associated with direction v

r, ‘= DZ+90|O¢ _ D§+90‘1 (68)
*T Dhl, D, |, + Dbyl

here D 40|, =v. -D” v,, Di;|, = n3 - D’n3, where v, denotes the direction in the plane perpendicular to v. The rates of plas-
tic strains involved in (68) have to be associated with stress states that reached the initial yield surface.

We give the expressions for the plastic orthotropic parameters previously introduced, in terms of the material con-
stants which enter the yield surface, by eliminating the components of the stresses. We take into account that the considered
stress state lies on the initial yield surface. Note that the material constants K, K;;3 do not enter the expressions calculated
for the plastic orthotropic parameters as the stress components Ts3, Tq3, To3 are zero in stress plane experiments.

Let us introduce

6(55 a) = 601-, O-C(éﬁ O{) = 0’2(7 O’b(é) = O-bv O’g(é) = O-lcﬂ r(év a) = rm (69)

for the normalized yield stresses in tension o, = % gy = %, and in compression 65, aj, respectively.

The dimensionless uniaxial yield stress are calculated for the stress state (66) using the formula

a(& o) = {(fl,)"* =7 (1)}, 0 (&) = {(l.)? + 7 ()} (70)
where
fol, = Kq1 cos® o+ Ky sin® o + (K33 — Kyq — Koy + Ko ) cos? acsin® o, f |,
=y (&) cos® o0 + ky (&) sin® ot + (ky(&) + k10(&)) cos* orsin® ot + (ks (&) + ki1 (&)) sin® o cos? o, (71)

The dimensionless equi-biaxial yield stress are calculated as follows:

1
_ , Ks3 =
O = o) et skt k@ BT (72)
. 1
0,(8) =

[(K33)*2 + (K + ko + ka + ko) (&)

The coefficients of anisotropy (68) are calculated in terms of the appropriate components of the plastic stretching, but for the
stress state (67)
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r(g o) =—— (73)

with E; and E; calculated in terms of o and ¢, and explicitly given in Appendix (D1).

Further we investigate the following problem: find the set of constants ¢ such that the experimental values of the param-
eters which characterize the orthotropy are satisfied.

We write the conditions which describe the restrictions (32) on the physical parameters

C={EeR¥&+&6H-E6>0,6+8-6>0, &+ -8 >0, & >0}, (74)
and we define the admissible set

D={¢eR™Vacoy 3Ia(a),o (& n),0,(E),05(),r(Eu=0), aeoyl (75)

with oy = {0°,15°,30°, 45°, 60°, 75°,90°}.

Remark. The set C is non-empty and convex and D is an open set.
For any & € Cn D the set F"(¢) is defined by

F™(&) = (0(, ), 6°(E, ), 03 (£), 05(E), (&, 00 = 0), o € o) € RV, (76)

The set of experimental data given in Verma et al. (2011) for an ultra low-carbon interstitial free high strength steel, were
gathered together in the Table 1.

The normalized values for yield limits are written in Table 1. The experimental data given in Verma et al. (2011) contain
three coefficients of plastic orthotropy, which are determined for the engineering strains between 0.05 and 0.15. We used
only rZ%,, which is measured for the initial yield surface. We introduce the set of experimental data, F*”, which contain
the data from the Table 1, at which we added another ten values from the experimental graphics given in the mentioned
paper, namely

o 15, 00, 0o, 0,5 in traction, and

05015, 0 50, 0545, 0% 40, 05,5 in compression and o/ = 6¢%.

The following problem arises: find & € C N D such that F"(¢) = F*. This algebraic system is over determined and conse-
quently a minimization procedure has been applied to find the numerical values of the yield material parameters.

Following the idea of Nixon et al. (2010) and Banabic et al. (2003), in order to find the material constants compatible with
the experimental data in the sense formalized in (75), we introduce the function f : R' — R defined to be equivalent to the
Euclidean distance between F(¢) and F®? in R

17
F@) =S "wi(F" (&), - F?)? (77)
i=1

withw; >0Vie {1,...17}. In order to obtain better results for g,,a € {0°,45°,90°}, 65, € {0°,90°}, 0}, I's—0, than for the
other, we use W;=Ws=W;=Wg=Wyy=Wi;5=1000, w;;=10 and W, =W3=Ws=Ws=Wg=Wjg=W;jj =
Wi = Wiz =Wig = 1.

The following set of the yield dimensionless constants is obtained:

K11 = 1.0050, Ky = 0.9793, K33 = 0.9350, K. = 3.0760,
B, = —0.8802, B, = 0.5506, B; = 7.6231, By = 0.1304, Bs = —6.9450, (78)
Bs = —1.5898, B, = 1, Bs = By = Byo = 0.

Remarks.

1. We mention that the indirect experimental data analyzed herein are emphasized in connection with certain anisotropy
parameters and not with the effective measurements of the stress state along certain paths as was done, for instance, in
the papers by Phillips and Kasper (1973) and Phillips and Liu (1972).

2. In the case when y = 0, i.e., for a quadratical yield surface, the same procedure is applied and it is obtained higher value
|[F™ — F?|| for the Euclidean norm. Consequently, by increasing the number of numerical parameters to be defined, the
efficiency of the proposed method is increased. Hence the case when y = 1 allows us to build a better approximation for
the experimental data.

Table 1
Experimental data given in Verma et al. (2011).

f exp exp exp c.exp c.exp exp exp
Orthotropic parameters a0 0,45 0,00 0,50 0,550 oy, T2

Exp. values 1 193/196 192/196 195/196 205/196 195/196 159
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Fig. 2. (a) Uniaxial yield stress ¢, and experimental data. (b) Anisotropy coefficient r, and (c) yield stress curves (T11, T»,) plotted for various values of the
uniaxial strain &;;.

3. A good approximation of the experimental data can be ensured for o, as it can be seen from Fig. 2a, in contrast with the
graphs for the orthotropy coefficients r, (¢, ¢), which are plotted in Fig. 2b. This is a direct consequence of the fact that the
initial yield function has been calibrated using the set of yield stresses. We pointed out that the orthotropy coefficients
r+(&, @) have been determined by Verma et al. (2011) for the engineering strains between 0.05 and 0.15, while in the the-
oretical formulae we introduced the hypothesis P =1, i.e., ¢&» = 0. In Fig. 2c the yield stress curves (T11, T22) derived from
the yield surface are plotted for various values of deformation and they are compared with the experimental yield points.
The tension-compression asymmetry is an important subject for metal modelling (see Nixon et al. (2010), Kuroda (2003))
and the model proposed here can describe this phenomenon.

7.2. Determination of the hardening parameters

Note that just the material constants cq, ¢, and d;, d, characterize the influence of the orthotropy on the hardening. The
hardening parameters which enter the differential system (59) with co = 0 are determined to be compatible with experi-
mental data given in Verma et al. (2011). To have similar conditions with the performed experiments, which means that
the change in the orthotropy directions is not occurred in the process, we consider no plastic spins and at the initial moment
to, Ajj(to) = 0, K(to) = 0. Consequently the time derivative at time t,, for the normal components of the stress and back-stress
can be derived from the differential system. Only the kinematic hardening parameters c;,d; enter the appropriate expres-
sions for normal components. We mention that only when the the scalar internal variable is considered to characterizes
the plastic work, and the associated scalar hardening function F = F(k) is considered to be of Voce type, see (43), our model
is able to describe with accuracy the tension-compression tests. Since k(t,) # 0, we can consider k to be locally a new
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independent variable, and by dividing the equations by & no presence of y(to) is involved now. The new form of the initial
variation of the normal components have been derived from the simulated uniaxial test. It follows that ¢; = 2% % cal cal.

The dimensionless variable x. is taken from Verma et al. (2011) and y, from the condition to have F(x,) = 6%, which
means x. + Yy, = 1, namely x. = 394.66/196,y. = —1.0136.

For the determination of the kinematic hardening variable d; we used again the differential system (59) written for the
uniaxial monotonic tension and the Fig. 8 from Verma et al. (2011). In order to find the pairs of values (T;; = 300 MPa,
€11 = 0.004) and (T;; = 380 MPa, &;; = 0.1) the following numerical values have to be considered d, = 15,z = 22.

The kinematic hardening variables dy, c2, d, remain to be determined. Let us remark the component A,, could influence the
behaviour of the material. At a first step we consider dy, ¢,,d, are vanishing parameters, further on in the case of a plane
stress state we simulate the experiments used by Kim and Yin (1997), using the plastic spin IIl. The presence of the non van-
ishing kinematic constants, say ¢, = 120,d, = 250, leads to a better approximation of the experimental data than the pre-
viously considered ¢, = d, = 0, as it can be seen in Fig. 4a.

7.3. Numerical simulations for the homogeneous deformation of a sheet

We consider a sheet made up from an orthotropic elasto-plastic material with the edges parallel to the fixed axes
jx, k =1,2,3, and having the initial orthotropic axes, ny,k = 1,2,3, generally with an orientation different from the fixed
axes, see Fig. 1. The plate is subjected to one of the following homogeneous deformations processes:

(1) The axial deformations
F=71(j1 ®j; + Aa(t)i, ®J, + 43(D)js @13, (79)
with the strains 11,2, 43 : [to, ty) — R such that 2;(to) = 1. Thus

i=3 3
Yjej, D=L W-o (80)
i=1 1

L=
No motion spin is associated with this homogeneous deformation process and consequently no rotation of the material ele-
ment is produced, while the otroptropy axes are changing if the non-vanishing spin is involved in the model.

(2) The shear deformation in plane j;,j, with normal strain
2
F=>ji@ji+ It @, + i3t @ s, (81)
i1

with I', 23 : [to, tf) — R such that I'(t) = 0 and /3(tp) = 1. The symmetric part of the velocity gradient and the total spin
which is nonzero are given by

1o o . .. 3. . 1o, o . .
D:§F(Jl ®J2 +J2 ®Jl)+i]3 ®Js, W:jf(h ®J; —Jr ®J1)- (82)
(3) The plane stress state has also been considered.

For the cases considered, the corresponding differential systems are numerically integrated using a Matlab code following
Hanselman and Littlefield (1997) and Moler (2011).

The graphs for the components of the tensorial fields have been plotted with respect to the geometrical fixed axes j; ® ji..

In order to be as close as possible to the experiments of Kim and Yin (1997), we use the elastic constants of a low carbon
steel with a cubic symmetry.

The elastic constants have been divided by gy = 196 MPa:

ay = 1404.049, a;, = 5734.85,a44 = 4183.67, az; = as3 = a1, 013 = A3 = Q12,055 = Ugg = (44, and they correspond to the
Poisson’s ratio v =0.29, shear modulus x=82GPa and Young’s modulus E=210GPa using (A3), see also http://
www.makeitfrom.com.

The yield constants: are given in (79) for plane rotation of the orthotropy axes, and for the general rotation
K = Kz = 2K, have to be added.

The hardening constants:

- for kinematic hardening: ¢, = 10, ¢; = 2.65, c; = 120, dy =5, d; = 15, d, = 250;

— for scalar hardening: x. = 2.0136, y. = —1.0136, z. = 22, (Voce-type).

The plastic spin constants:

- for the plastic spin generated by both § and N°: i = 5102, ij; = 2118, 7, = 900, 713 = —500.

All the material parameters used in application can be found in the Tables 2 and 3.
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Table 2
Non-dimensionalized material parameters: elastic constants (see Eq. (A4)), yield constants (see Egs. (65)), hardening constants (see Eqgs. (38) and (43)).

Elastic constants (divided by oy)  Yield constants Kj; Yield constants By Kinematic hardening (co, ¢y, c; divided by ay) Scalar hardening

a1 = 1404.049 K11 = 1.0050 B; = —0.8802 co =10 x. = 2.0136
a1, =5734.85 K3, =0.9793 B, = 0.5506 ¢y =2.65 y.=-1.0136
44 = 4183.67 K33 = 0.9350 By = 7.6231 ¢, =120 ze =22
Uy = a3z = an Km = 3.0760 B4 =0.1304 dg=5
13 =dz3 = Ay Ky = 6.1520 Bs = —6.9450 dy =15
ss = des = Aas K3 = 6.1520 Bs = —1.5898 dy =250

B, =1
Bg=Bg=Bio=0

Table 3

Material parameters corresponding to the plastic spins (see Eqs. (56)).

Plastic spin I (A, divided by oy) Plastic spin Il (7, multiplied by ¢%) Plastic spin Il (multiplied by ay)
A =0 71 =0 il = 6502
A, =180 72 =-10 12 = 7220

Evolution of the yield surface. In the numerical simulations, the deformation process (79) is considered with a non-decreas-
ing J; applied along the axis j;, namely 4; > 0 during the process, then a new time variable x = In(/;) could be introduced

) dx _ /()
by a change of variables 4 = TOL

The differential system describing the evolution in time of T, A and the scalar hardening variable, «, is given with the un-
known functions expressed in terms of x=In(4), and &;=1(2-1). We choose four different values
&1 € {0,0.02,0.04,0.14} reached during the process. By integrating the differential system up to a fixed &, the appropriate
values of the tensorial and scalar hardening variables could be numerically calculated for the considered strain. When the
appropriate hardening variables are replaced in the yield expression F = 0 with the yield function (65) written for the plane
stress state, the projections of this current yield surface on the (T;1,T2)—plane, i.e., for T1; = T13 = T3 = T33 = 0, could be
derived and these have been plotted in Fig. 2c. A strong differential effect can be noticed from the intersections of the curves
(T11,T22) with the coordinate axes. This phenomenon is caused by the evolution of the kinematic hardening variable.

Let us remark that only under the hypothesis that the anisotropy axes remain fixed during the deformation process such a
representation is correct since the axes are directly involved in the expression of the yield surface.

The uniaxial stress state case is considered for the deformation process (79) in order to simulate both of processes Tension-
Compression-Tension (TCT) and Compression-Tension—-Compression (CTC). The initial orthotropy axes are parallel with the
edge of the sheet and they remain fixed, since no plastic spin is involved in this process. The strain-stress curves are plotted
in Fig. 3, for the following pre-strain & € {0.02,0.04,0.06,0.08,0.1}. The curves for first cycle are similar with those plotted
in Verma et al. (2011). In order to obtain the quantitative resemblance of the curves for the subsequent cycles, with those

(a)soo . . . . . - (b) 500
400 1 400
300 1 300
200 1 200
9 100 1 E 100
S g o
':—100 100
-200 1 -200
-300 1 -300
-400 1 -400
5005 0.02 0.04 0.06 0.08 0.1 300 e -0.06 ~0.04 -0.02 0
€4 €11

Fig. 3. Strain-stress curves obtained with uniaxial stress model for (a) TCT tests for prestrais at 2%, 4%, 6%, 8%, 10% and (b) CTC tests for prestains at —4%
and —8%.
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Fig. 4. Variation of Euler’s angle ¢ — ¢,, after the first prestrain at 3% as a function of the axial second strain, &1, for various plastic spins with the initial
conditions (b) ¢, = —30°, (c) ¢, = —45° and (d) ¢, = —60°. Fig. 4a shows an improvement in the predicted numerical results for ¢, = 120,d, = 250, when
the plastic spin III is considered. The experimentally observed Kim and Yin effect occurs in the plane stress state.

plotted in Figures 8 and 9 from Verma et al. (2011), the dependence of the pre-strains, ¢, of the kinematic hardening
parameter d; has been introduced. The kinematic hardening parameter d; is introduced under the form di"ft =d+
(70 — dy)exp(20(0.1 — &P)), to emphasize the softening attributed to kinematic hardening.

Plane stress state with the initial orthotropic axis ns = j;, namely for 0, = 0: We simulate numerically the behaviour of a
plate, via the solution of the differential system (59) using Voce-type hardening law, for the deformation process (1), with
non-decreasing /4, applied along the axis j,; only. We refer to the plane stress state in order to simulate the experiments used
by Kim and Yin (1997). In their experiments, the tensile stretch tests were performed in specimens cut at angles of
30°,45°,60°, respectively, to the rolling directions, from a large sheet pre-strain at 3%. The experimental points determined
by Kim and Yin (1997) can be seen in Fig. 4. The monotony of the numerical values of the function ¢ shows a rotation in the
opposite direction for ¢, = —30° than that for ¢, = —45° and ¢, = —60°. As we have already mentioned, for the plane stress
state and for the prestrain ¢;; = 3% considered in Kim and Yin experiment, the appropriate values of the hardening variables
which characterize this prestrain state are calculated and they will be involved in the initial conditions associated with the
pre strained state.

Let us remark that in the plane stress state, the appropriate combinations between the spin constants characterize the
plastic spins €y, as it can be seen from the Appendix C. The monotony of the function ¢, see (59), is given by the sign of
Q1. We look for the spin parameters which lead to le(t) > 0 for the initial condition ¢, = —30°, and to Qu(t) < 0 for
the initial condition ¢, = —45° and ¢, = —60°, respectively.

Please cite this article in press as: Cleja-Tigoiu, S., lancu, L. Orientational anisotropy and strength-differential effect in orthotropic elasto-
plastic materials. Int. J. Plasticity (2013), http://dx.doi.org/10.1016/j.ijplas.2013.01.005



http://dx.doi.org/10.1016/j.ijplas.2013.01.005

22 S. Cleja-Tigoiu, L. lancu/International Journal of Plasticity xxx (2013) XxX—Xxx

600 20
(a) (b)
4 '\
’ N
; :
500 - 100/ Y\
1 .
r ’\,
. N
400 | o ! B
_— ! _—
© H ©
o ; o 1
= 300 = 10}
= H o i
- ; = !
- 1
1 -
200 f; S -20
i - - -Spin|, ¢ = - 30 !
5 pin, 0 !! - - - Spin1,g,= - 30°
i ——Spin I, ¢ = - 30°
100k pinl, o a0 —— Spin Il, 6= - 30°
] -.=Spinlll, ¢ = - 30°
pin 1Ml 6 - = Spin I, o= - 30°
0 ‘ ‘ ‘ ‘ ‘ —40 ‘ ‘ ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
€11 €11
5 30
(c) (d)
. — — aN°
on === : - - = Spin I,cpo— 60
‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ 20 ——Spin Il, 9= - 60°
=51 - !
I - .= Spin |||,¢o=—so°
1
-10} 100
n
T 15 ©
o 15 o
2 g o
~N ~N
& -20 o
- -
-25| -10
- - - Spin|, o= - 45°
=30 \ i ——Spin I, 6,= - 45°
YT o -20
v - .= Spin lll, ¢ = - 45
-35| _— pin Ill, 6,
N/
—40 ‘ ‘ ‘ ‘ ‘ -30 ‘ ‘ ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
€11 €11

Fig. 5. Influence of the plastic spins (a) on the normal components of the stress Ty, for ¢, = —30°, and on the shear stress component, Ty, for the initial
conditions (b) ¢, = —30°, (c) ¢, = —45°, (d) ¢, = —60°.

We simulate numerically the influence of the type of plastic spin shown in Fig. 4, which present the values of ¢ — ¢, as a
function of the strain &4, for the initial conditions ¢, = —30°, @, = —45° and ¢, = —60°, respectively, and all three plastic
spins considered herein. There are the set of spin constants which approximate very well the experimental data put into evi-
dence for the spins I and II, for the initial data ¢,=-45° and ¢,=—-60°, namely -A; +A; —A; =0 and
—A4 + As — As = —180 for spin I, =17, + 17, — 173 = 0 and —#, + 15 — g = —10 for the spin II. The experimental behaviour ob-
served by Kim and Yin (1997) can be approximated only when the expression of the plastic spin is that generated by S and
N7, i.e., the spin III, since there can not be found the constants for the plastic spins I and Il which provide an increasing func-
tion ¢(t) for the initial condition ¢, = —30°. To obtain the rotation in the opposite direction for ¢, = —30° than that for
@, = —45° and ¢, = —60° is the ultimate test to choose the type of the spin as Dafalias (2000) noticed. There is the rationale
which led to our choice for the plastic spin, namely spin IIl. We emphasize that the components of the spin III are polyno-
mials of the third order in components of the stress, while the spins I and II are second degree polynomials.

Consequently, in the following, we use the plastic spin III in the numerical simulations of the behaviour of the model pre-
sented in this study. The material spin constants are chosen to be in such a way to have #j; =7 +1j, — 73 = 6502 and
—il2 =+ i1 = 7220 in the formula (56)5.

From Figs. 4 and 5, it can be seen that there is an important influence of the plastic spins on the rotation in the plane angle
and on the shear component Ty, especially at —30°, in spite of the small amount in its variation. T1, tends to stabilize at zero
value over &1 = 6%.
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Fig. 6. Variation of Euler’s angle as a function of the shear strain I" plotted for various plastic spins as well as without plastic spin for (a) ¢, = 30°, (b)
@y = 45°, () @, = 60°.

Let us remark that in Ulz (2011) the rotation angle of the so called preferred axis is represented versus the uniaxial strain
for different values for the plastic spin parameters, but the experimental results by Kim and Yin (1997) appear to be dis-
persed among the plotted curves, not being localized on these curves that correspond to the appropriate values of plastic
spin parameter. On the other hand, when the elastic stretches are large during the process, the orthotropy axes are distorted,
namely they do not remain orthogonal, when we pass from the isoclinic configuration to the deformed configuration.

Shear deformation of the plate is numerically simulated via the solution of the differential system (59), when the current
value of the homogeneous deformation gradient is given by (81). In this case the motion spin is not vanishing. An important
influence of plastic spin is emphasized for large amount of shear strains. The stabilization of the orientational anisotropy
occurs in the presence of the plastic spin, in contrast with the unreasonable behaviour produced in the absence of the plastic
spin. The function ¢ — ¢, is plotted in Fig. 6 in terms of the shear deformation I for different initial values ¢, while the non-
zero components of the stress are represented in Fig. 7. Ty is about ten times higher than Tq; and T,,. The same effect of the
non-coaxial plastic spin, i.e., which corresponds to the plastic spin Il in an isotropic model, on the shear stress T1; and on the
normal stress component Ty, is emphasized by Kuroda (1996) (for its plastic spin parameter a = 3), see the Figs. 1 and 2, in
the mentioned paper.

For the general position of the orthotropic axes, i.e., when sin 6y # 0, the differential system (51) is considered for the homo-
geneous deformation process (79), with 2; > 0,, = A; = 1, when the plastic spin III and the Voce-type scalar hardening
law are involved. The influence of the initial value of ¢, on the behaviour of the model is analyzed for the initial position
of the orthotropy axes described by ¢, = 0°, 6, = 3°. A significant influence on the values of the Euler angles can be observed,
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as well as for the stress component T3 (similar for T3 ), see Fig. 8. We remark that their values tend to stabilize at the appro-
priate values over &1 = 4%.

Influence of the kinematic hardening on the behaviour of the model could be analyzed based on the numerical solution of
the differential system (51) for the general deformation process, when ¢, could be non-zero. We use different values for the
constant ¢, say ¢cg = —100, ¢y = 100 and ¢y = 150, to observe the influence of the kinematic hardening on the Euler’s angle
0 — 0o, on the stress T;; and on the back-stress A;;, see Fig. 9, for the initial conditions 0y = 3°,y, = 0°, @, = 10°.

8. Conclusions

The model proposed in this paper allows us to describe the variation, with respect to time, of the orthotropic axes, i.e., the
so-called orientational anisotropy, starting from the hypothesis that orthotropy is preserved during the deformation process,
a fact experimentally motivated by Kim and Yin (1997). If the elastic strains remain small during the deformation process,
then the orthotropic axes are rotated only, i.e., they remain orthogonal. The rotation of the orthotropy axes is distinguished
from the rotation of the material elements, just the plastic spin makes the difference between the spin of the motion and the
spin which characterizes the orientational anisotropy. The change in the anisotropy axes is characterized by the presence of
the Euler angles, whose variation in time can be achieved in the absence of the spin of the motion if and only if the plastic
spin is involved in the model. When a shear deformation is numerically simulated, the stabilization of the orientational
anisotropy occurs in the presence of the plastic spin, in contrast with the unreasonable behaviour produced in the absence
of the plastic spin. In this case, the motion spin is non-vanishing.
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Fig. 8. The variation of Euler’s angles (a) 0—0o, (b) ¢—,, (c) y—y, and stress component (d) T3 in terms of &;; with the third spin and for the initial
conditions y, = 0°, 0 = 3°, with different ¢,.

The rationale for which the yield function was considered to depend on the third invariant of the effective stress compo-
nents is motivated by experimental data required to be incorporated in the model, as well as the necessity to have a model
which allows for different values of the modulus of the yield stress in compression and traction, the so-called strength dif-
ferential effect of some metals. We exemplified herein the possibility to describe the three-dimensional behaviour of the
model.

The essence of the philosophy concerning the constitutive models makes one confident of the measurements of the
parameters in these processes which are allowed within the constitutive framework. As the proposed model is not reduced
to in-plane stress or strain processes, parameters such as the elastic constants, yield stresses, parameters of the plastic spin,
and so on, are related to the model and not to the processes.

The flexibility of the proposed model with the third invariant of the stress in the yield function allows us to model
the strength differential effect in the initial yield condition on one hand and determine the yield coefficients which are
compatible with the set of experimental anisotropic parameters traditionally reported in the literature on the other
hand. The material coefficients describing the initial yield functions and hardening variables were determined based
on experimental data in a plane stress process and in the uniaxial cyclic tests reported by Verma et al. (2011). We in-
cluded also tension, compression and reversal test data to emphasize the strength-differential and kinematic hardening
effects.

Once the elastic, yield and hardening material constants have been determined, the analysis of the behaviour of the
solution to the differential system, which describes the evolution in time of the stress, hardening variable and motion of
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the anisotropy axes, makes possible to completely define the model, having a special selection of the plastic spin and
hardening variables. Only when the expression of the plastic spin is that generated by S and N?, i.e., the spin III, it is
possible to obtain a rotation in the opposite direction for ¢, = —30° unlike the case when considering ¢, = —45° and
@, = —60°. We note that, in the present modelling, the same set of plastic spin constants have been chosen for the three
graphs unlike the papers by Dafalias (2000), Ulz (2011) and Han et al. (2002), where the best curves are fitted for dif-
ferent constants values describing the spins. In the mentioned papers the spin description corresponds to isotropic
expression derived from our formula (37), for spin IIl, with only one non-zero parameter 7. Han et al. (2002) used an
additional parameter which enters the expression of 7 = u®, which is dependent on the initial position of the appropri-
ate axis.

The behaviour of this model is strongly influenced by various material parameters, the initial condition, or the process,
e.g., a plane stress state or a plane strain state.

The behaviour of the material under the plane stress and plane strain, as well as in unidimensional cyclic homogeneous
processes, have also been analyzed therein.
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Appendix A

Kii=CG+G+C+GC+GC, Kp=C+C+C+C+Co, Kzz3=C +Cy,
Kimi =2C+ G+ G, K =2C+G, Kz =2C +G, (A1)
Ky =Cs+2C;+Cg+Co, Ki3=2C7+Cg, Ky =2C;+ Co.

The coefficients k;,i = 1,...,20, are functions of the yield material constants B;,j = 1,...,10:
ki = %(331 — 3B, + B; — 2B4 — 3B7 + 9Bs + 3By)
ky, = %(—331 + 3By + 3B4 + Bs + Bg + 3B; + 9Bs + 3Bqo),
ks = %(—Bl —B; +3Bg), ksi= 11—8(7931 +15B; — 3B3 + 15B4 + Bs + Bg + 18B; — 27Bg — 9Bg + 3Byo)
ks = %(—981 +3B; —3B; — 3By — Bs — Bg — 27Bs — 9By — 3Byp)
ke = 11—8(1581 —9B; + B; — 17B4 — 3Bs — 3Bs — 18B; — 27Bg + 3By — 9Byy) (A2)
k; = ]1—8(3B1 —9B; — B3 — By — 3Bs — 3Bg — 27Bs — 3By — 9By)
ks = 11—8(1531 + 3B, + B3 + B4 — Bs — B — 27Bg + 3By — 3Byg)
ko = 11—8(331 + 15B; — B3 — B4 + Bs + Bg — 27Bg — 3By + 3By)
kio = 11—8(153] —21B; +13B; — 5B4 + 13Bs — 5B + 81Bg + 21Bg + 3Byp)
ki1 = 1]—8(—2131 + 15B; — 5B3 + 13B4 — 5Bs + 13Bg + 81Bg + 3By + 21By9)
kix = %(381 + 3B, — 4B; — 4B, — 4B5s — 4B — 81Bg — 12By — 12Byy)
kiz = 1]—8(1531 —21B; + 13B3 — 5B4 + Bs + Bg + 81Bg + 21Bg + 3Byp)
kiqs = %(331 +21B, — 4B3 + 5B4 — Bs — Bs — 81Bg — 12Bg — 3Byp)
kis = 11—8(—2131 —21B; — 5B3 — 5B4 + Bs + Bs + 81Bg + 3Bg + 3Bp) (43)
kis = %(2131 + 3B, — B3 — B4 + 5Bs — 4Bs — 81Bs — 3By — 12Byg)
ki7 = 1]—8(—2131 + 15B; + B3 + B4 — 5Bs + 13Bg + 81Bg + 3By + 21By9)
kig = 1]—8(—2131 —21B; + B3 + B4 — 5Bs — 5Bs + 81Bg + 3By + 3Bj0)
k1o = %(631 — 6B, + 2B3 + 2B4 + 2Bs + 2B + 54Bg + 6By + 6B1)
kao = %(7931 — 9B, + B3 + B4 + Bs + Bs + 81Bg + 9By + 9Byo)

Remark. Only six material constants are needed for the plain stress state case, namely k1, ka, ka, ks, k19, and kq;.
The linear orthotropic elastic type constitutive equation written for £[D] in the orthotropic basis is given by

(E[D])n = a1 D11 + a12D23 + a13D33, (S[D])u = a44D12,
(€[D))y, = @12D11 + A22D2 + a3D33,  (£[D));5 = agsDi3, (Ad)
(E[DD33 = a13D11 + a23D45 + a33D33, (E[D])B = as5D,3.

For a;; = ay; = as3, a2 = 413 = Ay3, 444 = Ass = dgg, ONE Obtains the special case of materials with cubic symmetry, see Ting
(1996). The relationships between the elastic constants are given by

E(1-v) G — Ev
1T_v_2v2" 271 _y_22

where E is Young’s modulus and v Poisson’s ratio.

an = Qaqg = WU,
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The components of NP(%,A, m; ® m;, M, ® M) with respect to the basis (m; ® m;) are given by

(Np)n = %\/f—Z(ZKHEH + (K33 — K11 — K22)S22 + (K2o — K11 — K33)S33)
—9(3k1S%, + 2k4S11S52 + 2ksS11S33 + keS3, + ksS2; + k102, +
+ k13525 + k16525 + K19522533)

(Np)zz = % \/E((K% — K11 — K22)S11 + 2K2352 + (K11 — K22 — K33)S33)
— P(3kzS%, 4+ kaS2, + 2k6S11S22 + 2k7552S33 + koS35 + k1152, +

+ k14§%3 + k17§§3 + k19§11§33)

~ 3 _ _ _ A
(NP)33 = 3 V/o((Ka2 = Kit = Ks3)Sun + (Kun — Koz = K33)S22 + 2Ka3533) (A3)
— “/(3’(3§§3 + k5§%1 + k7§§2 + 2k3§11§33 + 2k9§22§33+
+ k12§%2 + k15§%3 + klsggg + ]<19§11§22)
_ 3 _ _ _ _ 1. - -
(NP)y, = ) \/EKmlslz — (k10811512 + k11522512 + k12533512 +§k20513523)
~ 3 _ _ _ _ 1 - _
(Np)13 = 5\/5sz513 - V(l<13511513 + k14522513 + k15533513 +jk20512523)
~ 3 _ _ _ _ 1. - _
(Np)zg = 3 \/_EKmE»SB - V(k16511523 + k17522523 + k18533523 + §’<20512513)
The expression of the plastic multiplier, 8, is obtained using ﬁ{; and 5ij as follows
p= (Clnﬁq] + auﬁ’;z + 013N§3)511 + (012]/\\’[1)1 + azzﬁgz + az3ﬁg3)522 + (013N€1 + 023N§2 + a33N§3)533
+ 2044Nq2512 + 2a661,\\11173513 + 2a55N§3523 (A6)

Note that function h, is expressed using Nﬁ}, iij and b, namely
he = Nlﬂ (‘111qu + 012Ngz + a13N§3 +i11)
+ NB,(a12N%, + a2 NB, + apsNB; + by) + N (@13NB, + a3 NG, + ass NG, + bas) (A7)
+ 2NP, (aaaNE, + 112) + 2NP, (agsNE, + I13) + 2N2, (assNB, + bs) + 0, F(x)b

Remark. For plane stress case we use in this expressions the restrictions S;3 = S;3 = S33 = 0 and for uniaxial stress case
SZZ = S12 = S13 = 523 = S33 = O

Appendix B

The stretching D has the components f)ij with respect to the actual orthotropic axes, expressed in terms of the compo-

nents of the rotation tensor R and the components D written in the basis j; ® j;, Dj = (RTDR),-J-, given by
D1y = R}, D11 + R3; D2z + R, D33 + 2Ry1Ri1 D1z + 2Ry1R31 D13 + 2R31Ra1 Das
Dy, = R%QDH + RgzDzz + R§2D33 + 2R12R3,D12 4+ 2R12R3;D13 + 2R2;R3;D3
D33 = R3;D11 + R33Dz; + R3;Ds3 + 2Ri3Ry3D1z + 2R13Rs3D1s + 2RysRs3Das
512 = R11R12D11 + Ry1R22D2y + R31R3:D33 + (R21R12 + R11R22) Dz

+ (R31R12 + R11R32)D13 4+ (R31R22 + R21R32) D23 (B1)
513 = R11R13D11 + R21R23D22 + R31R33D33 + (R11R23 4 Ra1R13)D12

+ (R11R33 + R31R13)D13 + (R31Ra3 + R21R33)Da3
523 = Ri2R13D11 + RaaRp3D2z + R3pR33D33 + (Ri2R23 + Ri3Ra2)Dr2

+ (R12R33 4 R13R32)D13 + (Ra2R33 + Rp3R32) D3

Remark. For a plane rotation of the orthotropy axes Rj3 = Ry3 = R3; = R3; = 0.
In the case of the evolution equation for the tensorial hardening variable of the Armstrong-Frederick type adapted to the
orthoropic symmetry, the following representation for the components [; := m; - Im;, in terms of Ng and Ay, is obtained

Iy = (o + 2¢1)NB, — b(do + 2d1)A11,  ly = (Co + 2¢2)NB, — b(do + 2d3)As3,
z33 = Coﬁgg - Bd0A337 z12 =(co+c1+ Cz)ﬁﬁ)z - B(do +dq +da)Ar2, (B2)
]13 = (Co + C])Nlﬁ — B(do -+ d] )A13, 123 = (Co -+ Cz)N% — B(do + dz)A23.
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Proof of the Theorem 6. We consider the differential system (51). We start from the initial conditions that correspond to
an elastic state, which means that the stress process remain inside the initial elastic domain a certain time interval, say
[to,t1), i.e., t=0,a =0,k = 0,R° =R(ty). R(tp) is dependent on the initial values of Euler’s angles, 0(to) = 0, y(ty) = 0 and
@(to) = @,. We denote by t; the moment of time at which the stress state reaches the initial yield surface. Since the shear
components of the stretching, D3 = D3, vanish, then E]B(t) =0and 523(t) = 0 on the same time interval as a consequence
of the formulae given in (B1). If fi(to) > O, from the differential Eqs. (51), which refer to the shear stress components T3 and
T3, and to A3 = Ass, together with 6 = 0 and with the appropriate components for N{; given in (A5), and with (B1), we obtain
that the unique solution has the vanishing components T;3 = T>3 = 0, and A3 = A;3 = 0. Consequently, Si3 = S>3 = 0, while
[t, B and h. can be found from (A6), (A7). Next, we focus on Euler’s angles. First we remark that Q’l’3 = Q’z’3 =0 as a conse-
quence of expressions for Qf’ given in (C1)-(C3). Thus from the differential system (51), together with the initial condition
0(to) = 0, it follows that 0(t) = 0 satisfies the appropriate differential equation. Consequently, the anisotropy axes could sup-
port only a plane rotation. ¢ is considered to be zero and only one of Euler’s angles, namely ¢, characterizes the plane
rotation.

Appendix C

Herein we present the non-vanishing components of the plastic spin for all the types of spin considered in the paper.
The plastic spin generated by S, with respect to the basis (m; @ my), is given by
qu = (A1 + Ay —A3)Siz + (—As +As — Ag)(S11S12 + 512522 + S13523)
O, = —AiSi3 — As(511513 + 512553 + S13533) (C1)
Qgg = A5y *A5(§12§13 + 522523 +§23§33)
The components of the plastic spin generated by NP, with respect to the axes (m; ® my), are given by
Q1172 = (-1 +n - 773)N11J2 +(—Ng+ 15 — ﬂs)(ﬁI;1Nq2 + Ngzﬁgz + Nqaﬁgﬂ
Qllj3 = *771Nl173 *m(ﬁ’ﬁﬁ’fs+N72N53+N?3N’3’3) (C2)
OB, = —1,NB; — n5(N%,N%; + NE,NE, + NE,NE,)
When considering the plastic spin generated by S and NP, then its components, again with respect to the actual orthotropic
axes (m; ® my), are given by
O, = (i + 12 = 13) (S11NE, + S1aNB, + S13NB3) = (7 + 1) (512 N5, + 55N, + 555 NEy)
5 = (511 NRy +512N55 + 513N55) + (=77 = 111) $13 N8, + SaNp, + 533 NF) (C3)
OB, = i1(S12NY; + S50 N55 + SosNby) + (=17 — 172) (S13NY, + S53 N5, + S33NEy)

Appendix D
E; and E; which have been introduced in formula (72) are calculated in terms of « and ¢, and explicitly given by

E; :% fal, K33 — K11 — Koz + 2(2K41 + 2K32 — K33 — Kimi) cos? o sin® o]—

— y[ka(&) cos® o+ (3ky (&) + 2ke (&) — 2k10(E) + ki1 (¢)) cos® ausin® o+
+ (3K (&) + 2ka(&) + kno(&) — 2Kk (€)) cos® arsin® o + kg (&) sin® of]; (D1)

E, = % o, [2K11 0% o + 2K sin® o0 + K33 — K11 — Kaz] — P[(3k1 (&) + ka(&)) cos? o+
+ (3ky (&) + ko (&)) sin® ot + (2ka(&) + 2ks (&) + k1o(&) + ki1 (&)) cos? ausin® of

where f,|, is given by (71).
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