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Global convergence rate of a standard multigrid
method for variational inequalities

L.. BADEA®

Abstract

We introduce a multigrid algorithm for variational inequalities
whose constraints are of the two-obstacle type. This algorithm
is described as a V-cycle multigrid method, its iterations having
an optimal computing complexity, but the results also hold for
other types of iterations, W-cycles, for instance. In the case of the
one-obstacle problems, the algorithm reduces to that introduced
by Mandel in 1984 for complementarity problems and named later
by Kornhuber as standard monotone multigrid method. First,
we introduce the method as a subspace correction algorithm in a
reflexive Banach space, prove its global convergence and estimate
the error making some assumptions. By introducing the finite
element spaces, this algorithm becomes a multilevel or multigrid
method. In this case, we prove that the assumptions we made
in the general theory are satisfied and write the convergence rate
depending on the number of levels. Finally, we compare our results
with the estimations of the asymptotic convergence rate existing
in the literature for complementarity problems.

Keywords: domain decomposition methods, multigrid and multilevel
methods, variational inequalities, nonlinear obstacle problems.
AMS subject classification: 65N55, 656K15, 656N30

1 Introduction

The first globally convergent multigrid method for variational inequal-
ities has been proposed by Mandel in [18], [19] and [8] for complemen-
tarity problems. This method has an optimal computing complexity
of iterations, ie. it is linear with respect to the degrees of freedom of
the problem. It is proved in [18] that the method is globally convergent,
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some generalizations of the method have been given in [8], and in [19], an
upper bound of the asymptotic convergence rate is given for the two-level
method. Related methods have been introduced by Brandt and Cryer
in [6] and Hackbush and Mittelmann in [11]. The method introduced
by Mandel has been studied later by Kornhuber in [13], named stan-
dard multigrid method, and extended to variational inequalities of the
second kind in [14] and [15]. A variant of this method using truncated
nodal basis functions has been introduced by Hoppe and Kornhuber in
[12] and analyzed by Kornhuber and Yserentant in [17]. Also, versions
of this method have been applied to Signorini’s problem in elasticity
by Kornhuber and Krause in [16] and Wohlmuth and Krause in [23].
Evidently, the above list of citations is not exhaustive and, for further
information, we can see the review article [10] written by Gréser and
Kornhuber.

Regarding the convergence study of the method, an asymptotic con-
vergence rate of 1 — 1/(1 + CJ3), J being the number of levels, has
been proved by Kornhuber in [13] for the complementarity problem in
the bidimensional space. For the two-level method, global convergence
rates have been established by Badea, Tai and Wang in [2], and for its
additive variant by Badea in [4]. Also, a global convergence rate has been
estimated by Tai in [20] for a multilevel subset decomposition method.
In [3], we have introduced a projected multilevel method for constrained
minimization problems where the convex set can be more general than
of one- or two-obstacle type, for instance. The main drawback of this
method, is its sub-optimal computing complexity of the iteration steps
because the convex set, which is defined on the finest mesh, is used in
the smoothing steps on the coarse levels.

The multigrid method introduced in the present paper is given for
two-obstacle problems and its iterations have an optimal computing
complexity. It is a standard V-cycle multigrid iteration, but, the pre-
sented results also hold for other types of iterations, W-cycles, for in-
stance. In the case of the one-obstacle problems, the algorithm reduces
to that introduced by Mandel for complementarity problems.

The paper is organized as follows. First, in Section 2, we introduce
the method as a subspace correction algorithm in a reflexive Banach
space, prove its global convergence and estimate the error making some
assumptions. By introducing the finite element spaces, this algorithm
becomes a multilevel or multigrid method. In Section 3 we show that
this algorithm can be viewed as a multilevel method if we associate
finite element spaces to the level meshes and consider decompositions
of the domain at each level. We prove that the assumptions made in
the previous section hold for convex sets of two-obstacle type. If the
decompositions of the domain are made using the supports of the nodal
basis functions we get, in Section 4, the multigrid method and write
its convergence rate depending on the number of levels. We prove, for
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instance, that, in R?, it has a global convergence rate of 1 — 1 /(1 +
CJ?), like the asymptotic convergence rate existing in the literature for
complementarity problems.

For the simplicity of presentation, the convergence results of the
multigrid method proposed in this paper are given only for the prob-
lems with the most applications, i.e. the problems in H!. With small
modifications, the proofs presented here can be extended to problems in
Whs 1< s < oo, (see [5]).

2 Abstract convergence results

We consider a reflexive Banach space V and let K C V be a nonempty
closed convex set. Let F': V — R be a Gateaux differentiable func-
tional, which is assumed to be coercive on K, in the sense that F'(v) —
00, as ||v|]| — oo, v € K, if K is not bounded. Also, we assume that
there exist two constants o, 3 > 0 for which

o) allo " < (F(0) = Fluhv =)
' and [|F'(v) = F'(u)ly» < Bllv — ull,

for any u,v € V. Above, we have denoted by F’ the Gateaux derivative
of F, and V' is the dual space of V. It is evident that if (2.1) holds, then

allo —ul* < (F'(v) = F'(u),v —u) < Bljo —ul|?,
for any u,v € V. Following the way in [9], we can prove that

(F'(u),v =

%HU—UH2 < Fv) = Fu) <
(F'(u),v - 2 llv—ulf?,

(2.2)

for any u,v € V. We point out that since F' is Gateaux differentiable
and satisfies (2.1), then F is a convex functional (see Proposition 5.5 in
(7], pag. 25).

Now, let us assume that we have J closed subspaces of V', Vq,...,Vj,
and let Vj;, i = 1,...1; be some closed subspaces of V;, j = J,..., 1.
The subspaces V;, j = J,...,1, will be associated with the grid levels,
and, for each level j = J,... 1, V};, i =1,...1;, will be associated with
a domain decomposition. Let us write = max;—; . 11;.

We consider the variational inequality

(2.3) uwe K : (F'(u),v—u) >0, for any v € K,

and since the functional F' is convex and differentiable, it is equivalent
with the minimization problem

(2.4) ue K : F(u) < F(v), for any v € K.
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We can use, for instance, Proposition 1.2 in [7], page 34, to prove that
problem (2.4) has a unique solution if F' has the above properties. In
view of (2.2), if u € K is the solution of problem (2.3), then

(2.5) %Hv — |2 < F(v) — F(u) for any v € K.

To introduce the algorithm, we make an assumption on choice of the
convex sets Kj, 7 = 1,...,J, where we look for the level corrections.
The chosen level convex sets depend on the current approximation in
the algorithms.

ASSUMPTION 2.1. For a given w € K, we recursively introduce the con-
ver sets Kj, j=J, J—1,...,1, as

- at level J: we assume that 0 € Ky, Ky C{vg€Vy:w+vy; € K}
and consider a wy € Ky,

- at a level J —1 > j > 1: we assume that 0 € K; and K; C {v; €
Vi:w+ws+...+wjp1 +v; € K}, and consider a w; € Kj.

We can easily check that if we take, for j =J —1,...,1,
(2.6) Kj C{vj € Vj: wjpa+vj € Kja},

then Kj C {v; € V;: wH+wy+ ... +wjp +vj € K}

As we will see in this section, the proposed algorithm is convergent
for any level convex sets K; having the properties in the above assump-
tion. We can take, like in [3], for instance, the largest convex sets,
Kj=A{vjeV;: wtws+...+wj_1+v; € K}, j=1,...,J. In this case,
we have to use the definition of K, which lies on the finest level, J, to see
if the elements v; € V; belong to KC; for the coarse levels j = 1,...,J—1.
As we have already said, this leads to a sub-optimal computing com-
plexity of the iterations. If we take K; = {v; € V;: w+v; € K} and
IC; ={0}, 5 =J—1,...,1, we get the one-level variant of the algorithm.
In this case, we have a poor convergence. Evidently, a good construction
of these level convex sets would be that in which the definition of K is
not directly utilized in the smoothing steps, but, at the same time, the
algorithm has a good convergence rate. In the case of the finite element
spaces, iteration steps with optimal computing complexity will be ob-
tained when the sets C; are defined by some properties which should be
verified only to the mesh nodes of the level j. In the next section, for the
two-obstacle convex sets, K = [p, 1], p,1 € V, we construct level con-
vex sets having the same form, IC; = [¢;,7;], pj,¢; €V, j=1,...,J,
and consequently, the computing complexity of each iteration step is
optimal. Also, as we said in the introduction, the algorithm has a very
good global convergence rate.

We first introduce the algorithm
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ALGORITHM 2.1. We start the algorithm with an arbitrary v° € K.
Assuming that at iteration n > 0 we have u™ € K, we successively
perform the following steps:

- at the level J, as in Assumption 2.1, with w = u", we construct the
convex set Kj. Then, we first write w’; = 0, and, fori=1,...,1;, we

k3

n+
successively calculate wﬁjl € Vs, wy

the inequalities

-1
Y whtt € Ky, the solution of

n_,’_ifl
(2.7) (F'(u"+w; " +wiith), vy —wiih)y >0,

i NS Ryl
foranyvy € Vi, w; 7 Hvy € Ky, andwritew; 7 =w; 7 4w,
-at alevel J —1> 75 > 1, as in Assumption 2.1, we construct the

; _ . n _ ,,n+l ) _ .n+l
convex set KCj with w = u™ and wy = w5, ..., wj1 = wily Then, we
write wj = 0, and fori=1,...,1;, we successively calculate w;-"”fl € Vi,
i—1
ntte

w; T+ w%“ € IC;, the solution of the inequalities
J np izt
(28) (" + 3wty Vet v —with) >0,
k=j+1
n_,’_i—l n—i—i n_,’_zI—l

T .
for any vj; € Vi, w; ? 4wy € Ky, and write w; T=w, +w§-;+1,

J
- we write u" T = u" + E w;‘H.
j=1

As inequality (2.3), inequalities (2.7) and (2.8) are equivalent with
minimization problems. In order to prove the convergence of the above
algorithm, we shall make two new assumptions.

Classical Cauchy-Schwarz inequality can be strengthened in certain
cases when we use the multilevel decompositions, and it allows us to
get some inequalities whose constants do not depend on the number of
levels J. In this sense we make the following assumption.

ASSUMPTION 2.2. 1. There exist some constants 0 < Bk <1, Bjk = Brj,
j, k=J,...,1, such that

(2.9) (F'(v4wvji) — F'(v), vie) < BBjrl|vjallllvwall,

foranyv eV, vy € Vi, v € Vig,i=1,....1; andl =1,...,I}.
2. There exists a constant C1 such that

J I J 1 )
(2.10) 13N will < O0 S [lwiil?)z,
j=1 i=1

j=1i=1 i=

forany wj; € Vi, j=J,...,1,i=1,...,1;.

IMA Journal of Numerical Analysis



©CoO~NOUTA,WNPE

IMAJNA - For peer review only - http://mc.manuscriptcentral/imajna

Evidently, in view of the second equation in (2.1), inequality (2.9) holds
for

(2.11) Bik=1, 4, k=J,..., 1.
Also, constant C can be taken of the form
(2.12) Cy = (1J)2,

but, as we mentioned above, better estimations are available in the case
of the multigrid decompositions. We also point out that similar inequal-
ities with (2.9) and (2.10) have played an important role in [24] and
[26] where the convergence of the multigrid method in the linear case is
proved by using a spectral theory.

The second new assumption refers to additional properties asked to
the convex sets K;, j = 1,...,J, introduced in Assumption 2.1.

ASSUMPTION 2.3. There exists a constant Co > 0 such that for any
w e K, Wi E‘/ji, wj1+...+wjiGle,j:J,...,l, iZl,...,Ij, and
u € K, there exist uj; € Vi, j=J,...,1,9=1,...,1;, which satisfy
(2.13)

uj1 € Kj and wj1 + ... +wji—1 +uj; € Ky, 0=2,...,1;, g=J,...,1,

J 1
(2.14) ufw:ZZuji, and
j=1i=1
J I J I
(2.15) llwgal* < CF | Hlw—wl[>+ Y > [fwl
j=1i=1 j=1i=1
The convex sets Kj, j = J,...,1, are constructed as in Assumption 2.1

1
with the above w and w; = Zwﬁ, j=dJ,..., 1
i=1

An assumption that contains only the conditions (2.13) and (2.14), writ-
ten in another form, has been introduced in [1], to prove the convergence
of the Schwarz algorithm for variational inequalities. Condition (2.15)
is essential in finding the convergence rate. For linear problems it has
a more simple form, which does not contain the corrections wj;, and
has been used under similar forms in [24] and [26] (see also, [25]). This
simplified condition is well-known, and concerns the stability of the de-
composition of the space as a sum of subspaces. The assumption in
the above form, containing the three conditions (2.13)-(2.15), has been
introduced in [2] and used to prove the convergence rate of the one- and
two-level methods.
The convergence result is given by
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Theorem 2.1. We consider that V is a reflexive Banach space, Vj,
10 Jj = 1,...,J, are closed subspaces of V, and Vj;, i = 1,...,1;, are
11 closed subspaces of V;. Also, let K be a non empty closed conver subset
12 of V, and Kj, j = 1,...,J, be non empty closed subsets of V; given
13 by Assumption 2.1. We consider a Gateaux differentiable functional F'
14 on V' which is supposed to be coercive if K is not bounded, and which
15 satisfies (2.1). Also, we assume that Assumptions 2.2 and 2.8 hold. On
16 these conditions, if u is the solution of problem (2.3) and u", n > 0,
17 are its approximations obtained from Algorithm 2.1, then the following
18 error estimations hold:

22 (2.16) F(u") — F(u) < (=

26 (2.17) lu" = ull* < =(Z——=)"[F(u’) = F(u)],

where

30 ~ 1 Cy
31 (2.18) Cr=———11+4Cy+C1Cy+ —
Che €

with
35 (2.19) e = a

J
37 26[(k_rrllaXJZﬂkj)Cg
=1

40 Proof. First, from (2.2) and inequalities (2.7) and (2.8) in which we take
vj; = 0, we have

J i—1 J i
44 R < P+ Y Wit vw, T - Ft Y witt hw,
k=j+1 k=j+1

),

48 forj=1,...,J,i=1,...,1;. Therefore, since u" ! = u”+z;»7:1 ZZI]:1 w;‘iﬂ
49 for any n > 0, we have

51 ol b

52 (2.20) 3 DD NP < Fu®) = F(u™*).
53 j=11i=1

55 Now, with u, the solution of problem (2.3), w = u™ and wj; = wzﬂ,

56 j=4J,...,1, i = 1,...,1;, we consider the decomposition wj;, j =

IMA Journal of Numerical Analysis
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J,...,1,i=1,...,1; of u—u" as in Assumption 2.3. In view of (2.2),
(2.7), (2.8) and (2.9), we get
I]

J
F(u“+1>—F<u>+§|ru"“ ulP < (/) un + 30 Yt —
Jj=11i=1

Nl

I
Mk

/ n+1 P 5 §
FquEZw )y wji — Wi )

1 klll

F/ U + Z an+1+zwn+1

k=j+1 1=1

Iy,
n+1 n+1
g (O ujifwji )

.
Il
.
.
S

MK
(]

<.
Il
—
.
Il

7

u+

I
M*

ol

=11
k

J J I
ﬂZZﬁk]ZHleHZIIuﬂ— wy .

7j=1k= =1

—_

Above, we have added and subtracted the missing terms between

I
B (u” +Ek i1 2 k1w2f1+2l 1wn+1> and I’ (u" ‘1’23 121 1 n+1)~
Consequently, we have,

Fa") = F(u) + Sl —ul? <
J J Ij Iy %
1
515 [ 32 8 s — w1 )} zwle) .
k=1 \j=1 i=1 =1
1
J J 1; ) uE J Iy %
51 |3 (37 8y g — w1y (zz| "“||2> <
k=1 \j=1 i=1 k=1 1=1
1
J J I J I 2
max Zﬁkg SO g — w0 et
Jj=11i=1 j=11i=1

We have used above the inequality (see Corollary 4.1 in [21])

(2.21) || Az||2 < (m?XZWjDHsz%
J

where A = (a;;)i; is a symmetric matrix. In view of Assumption 2.3 and
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(2.10), we have

J Ij 1 J Ij ) J I] 1
QU2 Mg =i P2 < QD Mugal®)z + (3 D i) <
Jj=111=1 Jj=11i=1 Jj=11i=1
1 J IJ 1
Hu—U"HQJrZZHw"“ )2+ Q0D P2 <
7j=11=1 7j=11i=1
J 1 1
Collu— || + (1 + C2) O wlit?)z <
7j=11i=1
1
1
Collu—u" [+ (14 Co + C1C2) (D D |lwit )7,

7j=11i=1

Therefore, we get

J
1 «Q 1 2
P™t) = Pl + Gl —ulf < I max | 3 By
J:

J IJ

02||u n—HH ZZ| n+1 %
Jj=11i=1
J I

(L4 Co+ CrCo) > D [wi ] <
Jj=11i=1

J
Bl(kfll?}-%z;ﬁ’fj) [Coellu — u™ P+
1=

J

J I
(1+C'2+C1C'2+— D[

7j=11i=1
for any € > 0. With € in (2.19), the above equation becomes,

J

J I
(1 +Cg+clcg+f SO w2

7j=11i=1

TL+1 _ < o
™) = Flu) < 55—

From this equation and (2.20),

F(un-‘rl) _ F(u) < C’12€(1 4+ Cy 4+ C1Cy + %) (F(un) — F(un—i-l))

with € in (2.19). From the above equation, we easily get equation (2.16)

with C given in (2.18). Using (2.5), we see that error estimation in
(2.17) can be obtained from (2.16). O
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3 Multilevel Schwarz methods

We consider a family of regular meshes 7y, of mesh sizes hj, j =1,...,J
over the domain Q ¢ R?. We write Q; = UTeThJ_T and we assume that
Tp,;,, is a refinement of 7, on ;, j =1,...,J — 1, and O C Qs C
.. C Qg =Q. Also, we assume that, if a node of 7j,; lies on 0, then
it lies on 9241, too, that is, it lies on J€). Besides, we suppose that
dists, , node of Ty (xj4+1,95) < Chj, j =1,...,J — 1. In this section,
C denotes a generic positive constant independent of the mesh sizes,
the number of meshes, as well as of the overlapping parameters and
the number of subdomains in the domain decompositions which will be
considered later. Since the mesh 7j, , is a refinement of 7, we have
hj+1 < hj, and assume that there exists a constant «, independent of
the number of meshes or their sizes, such that

(3.1) 1<ygh—fgcy, j=1,...,J —1.
j+1
At each level j = 1,...,J, we consider an overlapping decomposition

{Q;-}lgig 1; of ©, and assume that the mesh partition 75, of €; supplies

a mesh partition for each Q!, 1 < i < I;. Also, we assume that the
overlapping size for the domain decomposition at the level 1 < j < J is
d;. Since hjy1 < 541, from (3.1), we have

h.
(3.2) L <Cy, j=1,...,J—1.
0j+1

In addition, we suppose that there exists a constant C' such that if w} 11

is a connected component of Q§+1, j=1,...,J—=1,i=1,...,1;, then
(3.3) diam(w§+1) < Ch;.
Finally, we assume that I; = 1.

At each level j = 1,...,J, we introduce the linear finite element
spaces,

(3.4) Vi, ={v € C() : v|; € Pi(7), T € T;, v =0 on 9Q;},

and, for i =1,...,1;, we write
(3.5) Vi, ={v€Vy, 1 v=01in Q\Q%}.
The functions in Vy, j =1,...,J—1, will be extended with zero outside

(2; and the spaces will be considered as subspaces of H L(Q). We denote
by ||||o the norm in L?, and by ||-||; and |-|; the norm and seminorm in

10
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H'(Q), respectively. Since Th,,, is arefinement of 7p, , j =1,...,J -1,
we have
Ve CVhy C ... C VW,

We consider the two sided obstacle problem

(3.6) uwe K : (F'(u),v—u) >0, for any v € K,
where
(3.7) K={veV, : p<v<y},

with ¢, ¥ € V},,, ¢ < 1. We shall prove that Assumptions 2.1 and 2.3
hold for this type of convex set, and explicitly write the constant Co de-
pending on the mesh and overlapping parameters. We can then conclude
from Theorem 2.1 that if the functional F' has the asked properties, then
Algorithm 2.1 is globally convergent.

To get decompositions of the elements in V},, which satisfy the corre-
sponding condition (2.15) in Assumption 2.3 in the linear case, Lagrange
interpolation operators are used (see [24] or [26]). In the case of the vari-
ational inequalities, new nonlinear operators are needed to construct the
convex sets Kj as in Assumption 2.1 and the element decomposition in
Assumption 2.3, the so called modified interpolation operators. The uti-
lization of such operators, even if they have not been explicitly defined,
has been proposed in [18] and [19] for the complementarity problem.
The operators we define below have been introduced in [3], but they
have been also used in [2]. These operators allow us to analyse the two-
obstacle problems, and they generalize those introduced in [20] for the
one-obstacle problems.

For j = 1,...,J — 1, we define the operators I, : Vj, , — Vj; as
follows. Let us denote by xz;; a node of 7, by ¢;; the nodal basis func-
tion associated with zj; and 7, and by wj; the support of ¢;;. Given
av €V, we write [;;v = minge,,;, v(z)” and Ijjv = minge,,; v(2)",
where v(z)” = max(0, —v(x)) and v(z)T = max(0,v(x)). We notice
that, since v is piecewise linear, I ;iU or I ;iU are attained at a node
of Tp,,,,. Next, we define Iv = Zwﬁnode of T, (L;;0)b5i(x), Iht_v =
szmode of T, (I;v)qui(a:), and write Iy, v = I;rjv — I, v. It is simple to

check that if v(z) = 0 at a point x € €, then Ij,;v vanishes in a neigh-
borhood of z, composed by the elements 7 of 7j,; containing that point.
Also,

0 < In;v(x) <v(z) if v(z) >0,

(3.8) 0> In,v(z) > v(z) if v(z) <0

at any point z € ). Consequently, the function

Injo(x)
0 (2) = hg(x) if v(z) #0
0 if v(z) =0

11
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is well defined, continuous and satisfies

(3.9) 0 < 0y,(z) <1 for any = € Q.
Also, for any v, w € Vj,,,, we have

(3.10) v < w in Q implies Ip,;v < Iy, w in .

We shall use these properties of the operator Ij,; in the following. We
also recall the stability properties of the modified interpolation given in
Lemma 4.2 in [3]: for any v € V},_ ,, we have

J+17
(3.11) [[In,v —vllo < ChjCq(hj, hjt1)|v|1
and
(3.12) 1 Zn;vllo < [[v]lo and [In,v]1 < CCa(hy, hjy1)|vls,
where
1 ifd=1
(3.13) Cy(H, h) = 1n%+1)% if d =2
)2 it d = 3.

(
(E
]

h
that ||, ][0, < Cl|v]|o,s, but in view

It is proved in Lemma 4.2 in [3
of (3.8), we can take C' = 1.

Now, we define the level convex sets Kj C Vj,;, j = J, ..., 1, satisfying
Assumption 2.1. Let K be the convex set defined in (3.7), and a given
w € K. For the level J, we define

(314) ‘PJ:(P_U};"L/}J:¢_7U;
' Kj=[ps,vs], and consider a w; € K.

At alevel j =J —1,...,1, we define

@i = In; (i1 — wig1), ¥y = In; (i1 — wip),
(3.15) .
ICj = [@j,%;], and consider a w; € K;.

We have

Proposition 3.1. Assumption 2.1 holds for the convex sets Kj, j =
J,..., 1, defined in (3.14) and (3.15), for any w € K.

Proof. Evidently, 0 € K;. Also, in view of (3.8), we recurrently get
that 0 € K; for j = J —1,...,1. Form the definition of K, we have
w+wvy € K for any vy € K. Finally, we prove (2.6) for j = J—1,...,1.
Let v; € K;. Using again (3.8), we get

Pj+1 — wit1 < I, (pj1 — wjg1) =
pj < vj <y = In; (Vi1 — wit1) < Pjip1 — wjsa,
ie., Wiyl + U5 € ICJ'+1. ]

12
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Now, in order to prove that Assumption 2.3 holds for the convex sets
defined in (3.14) and (3.15), we consider u, w € K and some w; € K;,
j=4dJ,...,1. First, we define

13 (3.16) vy =wu—wand v; = Iy, (vj+1 —wji1) for j=J —1,...,1,
and then,

1 (3.17) uj = vj —vj1 =vj — I, (vj —wj) for j = J,..., 2,
18 uy = vy = I, (v2 — wa).

20 With these notations, we have

2 Lemma 3.1. If KC; are defined in (3.14) and (3.15), and v; and u; are
23 defined in (3.16) and (3.17), respectively, then vj, u; € Kj, j = J,...,1,
24 and

J
27 (3.18) u—w:Zuj.
j=1

Proof. The writing of u—w as in (3.18) is evident from (3.16) and (3.17).
31 We prove that v; € K, 7 =J,...,1, by induction. First,

33 pr=p-—w<u—wYP—w=1y,

35 and therefore, v; € K;. For a j = J —1,...,1, assuming that v;;; €
36 K41, from (3.10), we have

38 05 = In, (i1 — wjt1) < I, (Vi1 — wip1) < In; (Yj41 — wis1) = ¥y,
40 or vj € K;. For j = J,...,2, using (3.9), we have

42 wj = v = In;_y (vj = wi) = (1= by —w; Jvj + Ou; w5,

44 and therefore, u; € ;. O]

The stability of the level decomposition (3.17) obtained with the
47 modified interpolation operators is given by the previous lemma and the
48 following result.

Lemma 3.2. If u; are defined in (3.17), then

J
53 (3.19) Jujli < C(J = 1)Calhj—1, k) [y lwilf + [u - wif],
54 k=2

59 13
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forj=J,...,1, where we take hg = hy for j =1, and
;13 < 2llew;|I5 + C(J = )7 Calh, hy)*
J

D wgl? + Ju—wl|i], for j = J,...,2, and
sy 2

J
[lual[§ < C(T = D)l —wll + D [lwslfg]-
j=2
Proof. With v; in (3.16), we write
vj —wj = —wj + In; (Vi1 —wjy1), j=J —1,...,1,

and using Lemma 5.1 in [3] for v; — wj, we get

0il3 = [In, (Vi1 — wig1)[F <
J—1

C(T =N D Calhy, bi)*fwli + Calhy, hy)*los — w3
k=j+1

Consequently, we have
J
(3.21) 07 < C(T = §)Calhy, hy)* (D |wilf + Ju— wl?),
k=j+1

for j=J—1,...,1. Since u; = v; —v;_1, for j =J —1,...,2, we get

J
(3.22)  |ulf < C(J = j+1)Calhj—1,hs)* O lwelf + [u — wl}).
k=j
Since u1 = v1, we have
J
(3.23) s < C(T = 1)Calha, hy)> (O fweld + [u—w]}).
k=2

Also, from (3.16), (3.17) and (3.12), we have

lushi =lu—w—"TIp, ,(u—w—-wy)h <
(1+CCd(hJ_1,hJ))’u—w’1+CCd(hJ_1,hJ)|wJ’1,

ie., we have

(3.24) lug|f < CCa(hy—1,hs)*(Jwy|? + |u —wl?).

14
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From (3.22), (3.23) and (3.24), we get (3.19). Now, for j = J,...,2,
from (3.11) and (3.17), we get

lujllo < [lvj —wj — In;_, (vj — wi)lo + [Jwjllo <
Chj1Cq(hj—1,hj)|v; —w;il1 + [Jwj[lo <
Chj_1(|vjl1 + [w;l1) + [[wl]o,

where we have used (3.1) and the definition of Cy(H,h), (3.13). From
this equation, we get the first equation in (3.20) for j = J. Also, using
the above equation and (3.21), we get the first equation in (3.20) for
j=J—1,...,2. For j =1, from (3.12), we have

[[utllo = [[1n, (v2 — w2)llo < [Jv2 — wallo <

J
120, (v3 — w3)[[o + [Jwallo < -+ < |lvsllo+ Y llwjllo,
=2

ie., the second equation in (3.20) holds. O

To prove that Assumption 2.3 holds, we associate to the decomposi-
tion {2} }1<i<s; of €2, some functions 07 € C(§Y)), 07| € Pi(r) for any
7 € T, i=1,---,1;, such that

OSQ}SlODQj,

. I. 1 . . . I, l
i =0on U, Q5\Q and 68 =1 on QI\ U, | Q.

(3.25)

Such functions 0} with the above properties have been introduced in [1]
and they are constructed using unity partitions of the domains UZIJ: iQé-,
i = 1,...,1;, for each level j = 1,...,J. In the linear case, it suffice
to consider, for each fixed level j = 1,...,J, the unity partition of €);
associated with its domain decomposition. For the existence of such
unity partitions we can also see [22], pag. 57. Since the overlapping
size of the domain decomposition on a level j = J,...,11is J;, the above
functions 9;- can be chosen to satisfy

(3.26) 0,0 < C/5;, ae. in Q, forany k=1,...,d.

Tk ]
Now, we can prove

Proposition 3.2. Assumption 2.3 holds for the convex sets Kj, j =
J,...,1, defined in (3.14) and (3.15). The constant Cy is given by

<

(3.27) Cy = CI*(J = 1)2[Y Calhj—1.hy)*)2.
j=2

15
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Proof. Let us consider u, w € K and wj; € foj such that wj+...+wj; €
Kj,j=4J,...,1,i=1,...,1;. In the construction of the convex sets K;,
we take w; = Zfil wj;. Then, from Lemma 3.1, there exist u; € K,

j=4J,...,1, defined in (3.17), such that (3.18) holds. Now, for each u;,
j=4dJ,...,1, we define

uj1 = Ly, (01u] (1 — 01)w]1) and

3.28 ; ; .
( ) _Lh 9 Zuﬂ —Gj)wji), 222,...,Ij,

with 9; in (3.25), Ly, being the P-Lagrangian interpolation. Like in
Proposition 3.1 in [3] (see also [1] or [2]), where we take v = u; and
w = 0, we can prove that

UjiGV}zj, wj1+...+wji,1+uji€le,izl,...,Ij,
J

and u; = E Uji,
=1

for any j = J,...,1. We point out that here, the condition w;; + ...+
wji—1 + uj; € Kj can be proved by verifying that it is satisfied only
at the nodes of 7p,.. From (3.18) and (3.29), we get that the first two
conditions, (2.13) and (2.14), of Assumption 2.3 are satisfied.

We estimate now the constant Cy. In view of (3.28), and using (3.26)
and some proprieties of the Lagrange interpolation operator (see [2] or
[3]), we can write (see Proposition 3.2 in [5] for details),

(3.29)

I; —
Hwﬁ<00w1( Pl

(1 + (I ”1 Eyym

(3.30)

In view of Lemma 3.2 and (3.2), we have for j = J,...,2,

gl + (14 S5 Pl < €O = DL+ (1 = D2ty
4 I—1
D Il +Ju—wi] + C(1+ <5V Ml <
k=2
4 L—1
C(J = D)IPCalhy—1,hy)? D lweld + lu—wli] + C(1 + jTj)QijH?y
k=2
16
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Consequently, from (3.30) and the above equation, we have
10 ;L
12 lull} < C Q1Y Jwirli+ I*(J — 1)Ca(hj—1, hy)*
13 (3.31) k=1
-1
s Z\wkwu—wu (1 2 P13

16 J

18 forany j = J,...,2andi=1,...,1;. At thelevel j = 1, we do not have
19 a domain decomposition, I; = 1, and we take u;; = w;. In this way,
20 from Lemma 3.2, we have

J
23 (3.32) luni|[§ < C(J = 1)Ca(ha, hy)* O lwil [ + [Ju — wl[}).
24 k=2

From (3.31) and (3.32), we get

J I J
29 DD Mugllf <CPITY > fwyli+
30 j=11i=1 =2 i=1
31 J

J
2 (3.33) Z (hjmr B2 | [ S Mgl + [Ju— wlf3| 5+
_ j=2

I
35 OIZ ) [w;][3-

[y

38 The convex sets Kj;, j = J,...,1, are constructed in Assumption

40 2.1 with w; = Zszl wji, j = J,...,1. Consequently, using the classical
41 Friedrchs-Poicaré inequality, (3.3) and (3.2), we have

J
44 Z Z lwsillg <

j=2

47 CIZH"‘ ‘ IZ|U}]Z‘1 <C1322‘w31|1

48 j=2 J=21i=1

P13 <

N
a1
<.

50 From this equation and (3.33), we get that the constant C3 can be
51 written as in (3.27).
52 ]

54 As we see form the above estimations, the convergence rates given in
55 Theorem 2.1 depend on the functional F', the maximum number of the
56 subdomains on each level, I, and the number of levels J. The number of

59 17
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subdomains on levels can be associated with the number of colors needed
to mark the subdomains such that the subdomains with the same color
do not intersect with each other. Since this number of colors depends
in general on the dimension of the Euclidean space where the domain
lies, we can conclude that our convergence rate essentially depends on
the number of levels J. We now estimate the constants C; and C5 as
functions of J. To this end, in the remainder of this section, C' will
be a generic constant which does not depend on J. Writing Sy(J) =

1

[Z}']:Q C’d(hj,l,hj)ﬂ ? from (3.1) and (3.13), we get

(J—1)z ifd=1

(3.34) Sa(J) =< CJ ifd=2
c’ if d = 3.
In this general framework, we take C1, and B, j, k = J,...,1, as in

(2.12) and (2.11) but better estimations of these constants can be given
in the case of the multigrid methods in the next section. From (3.27),
we get

(3.35) Cy = C(J —1)284(J),

REMARK 3.1. 1) The results of this section have referred to problems in
H' with Dirichlet boundary conditions, and the functions corresponding
to the coarse levels have been extended with zero outside the domains €25,
j=dJ—1,...,1. Let us assume that the problem has mixed boundary
conditions: 02y = I'yUIl',,, with Dirichlet conditions on I'y and Neumann
conditions on I';. In this case, if a node of 7y, j = J —1,...,1, lies
in Int(I',), we have to assume that all the sides of the elements 7 € 7},
having that node are included in T',.

2) Similar convergence results with those ones presented in this sec-
tion can be obtained for problems in (H!)?.

4 Multigrid methods

In the above multilevel methods a mesh is the refinement of that on
the previous level, but the domain decompositions are almost indepen-
dent from one level to another. We obtain similar multigrid methods
by decomposing the level domains by the supports of the nodal basis
functions on that level. Consequently, the subspaces V,fj, i=1,...,1;,
are one-dimensional spaces spanned by the nodal basis functions asso-
ciated with the nodes of 7p,;, j = J,...,1. As we already said, in this

case, we prove that the constant C; in (2.12) and the sums Zi:l Bk
Jj=4J,...,1, with 8, in (2.11), can be expressed independently of the

18
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1
2
3
4
5
6
7
g number J of levels. We point out that multigrid Algorithm 2.1 repre-
10 sents a classical V-cycle iteration. Evidently, similar results can be given
1 for the W-cycle multigrid iterations. At the end of this section, we write
12 the convergence rate of the algorithm depending on the number of the
13 levels.
14 The proof of the inequalities in Assumption 2.2 are closed related
15 with the strengthened Cauchy-Schwarz inequality (see [24] and [26], for
16 instance). The proof of (2.9) can be found in [21] and it essentially
17 stands on the simple inequalities
18 da d
hi\ 2 hi\ 9

;g (A1) vjillo,suppor) < CGRE)2vjillo, [0jil1suppor) < C(FE)2 vl
g;’ for any vj; € V,fj, Vgl € V,fk with j <k, j,k=J,...,1,i=1,...,I; and
23 l=1,...,1;. Writing v, = m, in view of (3.1) and (4.1), we get
24
25
26 42) | vjillosuppor) < Cvksllviillos [v5iltsupp(or) < Ciglvjili,
27
28 where C is independent of the meshes or their number. In this way, we
29 get that (2.9) holds for By; = Cyyj, k,j=J,...,1, and
30
31 J / ~8
32 (4.3) > B =C> < C——,
33 j=1 j=1 vz -1
34
35 forany k= J,..., 1.
36 Also, there are well-known proofs for inequality (2.10). The proof
37 we give in the following can be easily generalized for the norm in W1,
38 1 < s < oo (see [5]).
39 )
40 4 \2
41 Lemma 4.1. Constant Cy in (2.10) can be estimated as C; = | 2CT—}; ,

v2-1
jé where C' is the constant in (4.2).
44 Proof. We prove the lemma for the norm || - ||op. The proof for the
jg derivatives in the seminorm | - |; is identical. From (4.2), we get
47
48 / vjivkr < Cgllvjillof[vrallo
49 Q
22 for any v;; € Vi v € Vi, with j <k, jk=J,....1i=1,....1; and
52 [ =1,...,I;. Similar inequalities can be written for the derivatives of
53
54
55
56
57
58
59 19
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vj; and vg. In view of this inequality, (2.21) and (4.3), we get

2
I; I;

J 1 J

ISl < [ {3 ol | =

=1 i=1 j=1i=1
In, I

J=
J J 1
Z Z Z Z/ |wk212”wk1u| <

ko=1i2=1k;=1191=1

A R B
Y Y Z/ [wjgia 07111 <
J 7 1

2=1l1i2=1j1=j211=
J Ly g ) 1
0503 5 / a3 husa 1) <
]2 112 1]1 ]27,1 =1
J Lia L ]1 .
202 Z /|w3212| )2 V21 /|wml| )2
J2=1 \i2=1 & = i1=1
1
J I]z 272
1
20| 30| S0 )
Jj2=1 \i2=1
1
272
4 1
Z Z%mZ wj,i,]%)2 <
Jo=1 \j1=1 i1=1 Q
I, 213
1
QCHEaXZ’Y”]l Z Z /’wj212| 2
Jji=1 j2=1 \i2=1
1
J I]'l 72
2\1 7
St ) | <201 zzuwﬂuo
j=1 \ir=1 7 |

0

From the above proofs, we can conclude that, in the case of the
multigrid methods, we can consider C'; and maxz—y . 1 Z 1 Br; as some
constants mdependent of J and mesh parameters. Using the estimations
of Cy in (3.35), Cy in (2.18), and the error estimation of Algorithm 2.1
in Theorem 2.1, we have

Corollary 4.1. As a function of the number J of levels, the error es-
timate of the multigrid method given by Algorithm 2.1 can be written
as

n A 1 "o _
(4.4) u"™ — U||% <o (1 - 1—5—C~1(J)> , C1(J) = CJSd(J)2

20
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where Sq(J) is defined in (3.34), and Cy is a constant independent of J .

We make now some remarks on the above error estimations. Al-
gorithm 2.1 is a standard monotone multigrid method in the sense of
Kornhuber (see [13] and [10]), whose level obstacles become those pro-
posed by Mandel in [18] in the case of the complementarity problems.
Our analysis refer to the two sided obstacle problems and the above con-
vergence results give a global rate estimation. For d = 3, it is well known
that the convergence rate deteriorates exponentially by increasing J, and
it is confirmed by our error estimate (4.4). In the case d = 2, we can
compare the convergence rates we have obtained for Algorithm 2.1 with
similar ones in the literature. In this case, from (4.4), we get that the
global convergence of Algorithm 2.1 1is 1 — ﬁ The same estimate, of

1— ﬁ, is obtained in [13] for the asymptotic convergence rate of the
standard monotone multigrid methods for the complementarity prob-
lem. In [10], it is mentioned that, for this method, the asymptotic rate
may be of 1 — ﬁ, or even of 1 — 1—1-%’ under some conditions. The
numerical experiments given in [13] and [10] also confirm our theoretical
results. For the numerical examples given there, the standard monotone
multigrid method has an almost uniform convergence rate during the
iteration, i.e. its global convergence rate coincides with the asymptotic
one.
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